
Some Additions and Corre
tions toDiagonal Method and Diale
ti
al Logi
Uwe Petersen 1

The following additions are meant to indi
ate some of the dire
tions myresear
h has taken sin
e the publi
ation of [15℄.1. Addition 124g. Interpreting Weakening in LB
◦The point of this addition is to show that sa
ri�
ing weakening does notrestri
t expressive power in the presen
e of unrestri
ted abstra
tion.A 
entral issue in the development of a spe
ulative logi
 is the ques-tion of how far one gets without any stru
tural rules. In this 
ontext Ishall present an interpretation of the formalized theory LDl as presentedin [15℄, p. 472, de�nition 41.22 (4) (essentially Gentzen's LK without 
on-tra
tion but equipped with unrestri
ted l-abstra
tion) in its intuitionisti
linear subsystem. The relevant point is that ⊥ → A is available due tothe de�nition of ⊥ by means of unrestri
ted abstra
tion. The result is notin any way surprising but it seems to me of interest in view of linear logi
and also in view of my ambitions to build logi
 without any stru
turalrules.The prin
ipal approa
h goes ba
k to [10℄, but [7℄ was to be
omemore in�uential. The approa
h taken here is in 
hara
ter 
loser to [17℄,pp. 49 f, although it still di�ers from it, not only in that I use di�erentprimitive symbols. It should be 
lear, however, that the present approa
his in no way original and that it 
an be extended to theories built on linearlogi
, i.e., abandoning weakening is in 
hara
ter very similar to shifting tointuitionisti
 logi
 from 
lassi
al logi
: in both 
ases it is double negationwhi
h holds the key to the interpretation, in the sense that adding doublenegation yields 
lassi
al logi
.

1 Item [15℄ in the referen
es for this paper starting on p. 171.93



94 uwe petersenI begin by providing the relevant de�nitions.Definition 1.1. The formalized theory LB
◦ is obtained from the for-malized theory LB

+ introdu
ed in [15℄, p. 1682, de�nition 124.6 (4), bydropping weakening.Intuitive 
onsideration 1.2. The notion ⊥ of falsum provides for thededu
ibility of ⊥ ⇒ A (122.46v in [15℄, p. 1663). This, in turn, providesfor a substitution of weakening: instead of A → (B → A) the following is
LB

◦-dedu
ible:
A ⇒ A ⊥ ⇒ ¬B

¬A, A ⇒ ¬B

¬¬B,¬A, A ⇒ ⊥

B,¬A ⇒ ¬A ⊥ ⇒ ⊥

¬¬A,¬¬B,¬A ⇒ ⊥

¬¬A,¬¬B ⇒ ¬¬AObviously A ⇒ ¬¬A is LB
◦-dedu
ible. If double negation ¬¬A ⇒ Awere also available, then this would be su�
ient to prove weakening inthe form A → (B → A):

B ⇒ ¬¬B

A ⇒ ¬¬A ¬¬A,¬¬B ⇒ ¬¬A

A,¬¬B ⇒ ¬¬A

A, B ⇒ ¬¬A ¬¬A ⇒ A

A, B ⇒ A
=============
⇒ A → (B → A)Apparently, however, weakening right is needed in a LB

◦-dedu
tion ofdouble negation:
A ⇒ A

A ⇒ A,⊥

⇒ A, A → ⊥ ⊥ ⇒ ⊥

(A → ⊥) → ⊥ ⇒ A



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 95This is why I make re
ourse to the kind of interpretation that Gödel em-ployed for the purpose of interpreting 
lassi
al logi
 within intuitionisti
logi
.Proposition 1.3. Inferen
es a

ording to the following s
hemata are
LB

◦-derivable.
Γ ⇒ A

Γ ⇒ ¬¬A
(1.3i)

Γ ⇒ ¬¬A

Γ,¬A ⇒ C
(1.3ii)

A, Γ ⇒ ⊥

¬¬A, Γ ⇒ C
(1.3iii)

¬¬A, Γ ⇒ ⊥

A, Γ ⇒ ⊥
(1.3iv)Proof. Straightforward. I only show 1.3ii as an example. Employ 122.46vfeom [15℄, p. 1663:

Γ ⇒ ¬¬A

¬A ⇒ ¬A ⊥ ⇒ C

¬A,¬¬A ⇒ C
♣

Γ,¬A ⇒ C qedDefinition 1.4. ‖X‖ is de�ned indu
tively as follows:(1) ‖u‖ :≡ u, u being a free or bound variable;(2) ‖s ⊑ t‖ :≡ ¬¬(‖s‖ ⊑ ‖t‖) ;(3) ‖lx F[x]‖ :≡ lx‖F[x]‖ ;(4) If Γ ist the sequen
e A1, . . . , Am, then ‖Γ‖ is the sequent
‖A1‖, . . . , ‖Am‖ ;(5) ‖Γ ⇒ C‖ :≡ ‖Γ‖ ⇒ ‖C‖ .Proposition 1.5. ‖C‖ has the form ¬¬A.Proof. This is an obvious 
onsequen
e of 
lause (2) of the foregoing def-inition in view of the fa
t that the outermost symbol of every w� in thelanguage of LB

◦ is ⊑: If C ≡ s ⊑ t, then ‖C‖ ≡ ¬¬(‖s‖ ⊑ ‖t‖). qed



96 uwe petersenProposition 1.6. Sequents a

ording to the following s
hemata are LB
◦-dedu
ible.

‖⊥‖ ⇒ ⊥(1.6i)
¬¬‖A‖ ⇒ ‖A‖(1.6ii)
‖(A → ⊥) → ⊥‖ ⇒ ‖A‖(1.6iii)
‖⊥‖,¬B ⇒ ⊥(1.6iv)
‖A‖, ‖B‖ ⇒ ‖A‖(1.6v)
¬¬(s∈‖b‖) ⇒ s∈‖b‖(1.6vi)
¬¬(s∈lx ‖A[x]‖) ⇒ s∈lx ‖A[x]‖(1.6vii)Proof. Re 1.6i.

⊥ ⇒ ⊥

⇒ l⊥ ⊑ l⊥
⇒ ¬¬(l⊥ ⊑ l⊥)

a ⊑ a ⇒ a ⊑ a

⇒ lx (x ⊑ x) ⊑ lx (x ⊑ x))

⇒ ¬¬(lx (x ⊑ x) ⊑ lx (x ⊑ x)) ⊥ ⇒ ⊥ly ¬¬(y ⊑ y) ⊑ l⊥ ⇒ ⊥

¬¬(ly¬¬(y ⊑ y) ⊑ l⊥) ⇒ ⊥ly¬¬(y ⊑ y) ⊑ ly¬¬(ly¬¬(y ⊑ y) ⊑ x) ⇒ ⊥

¬¬(ly ¬¬(y ⊑ y) ⊑ lx¬¬(ly¬¬(y ⊑ y) ⊑ x)) ⇒ ⊥

‖V ⊑ lx (V ⊑ x)‖ ⇒ ⊥Re 1.6ii. Let ¬¬A1 ≡ ‖A‖ a

ording to proposition 1.5.
‖A‖ ⇒ ‖A‖

‖A‖ ⇒ ¬¬A1

¬A1 ⇒ ¬A1 ⊥ ⇒ ⊥

¬¬A1,¬A1 ⇒ ⊥

‖A‖,¬A1 ⇒ ⊥

¬¬‖A‖,¬A1 ⇒ ⊥

¬¬‖A‖ ⇒ ¬¬A1

¬¬‖A‖ ⇒ ‖A‖
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ording to proposition 1.5. Employ 122.46vfrom [15℄, p. 1663, and 1.6i:
¬A1 ⇒ ¬A1 ⊥ ⇒ ‖⊥‖

¬A1,¬¬A1 ⇒ ‖⊥‖

¬A1, ‖A‖ ⇒ ‖⊥‖

¬A1 ⇒ l‖A‖ ⊑ l‖⊥‖

¬A1 ⇒ ¬¬(l‖A‖ ⊑ l‖⊥‖)

¬A1 ⇒ ‖(A → ⊥)‖ ‖⊥‖ ⇒ ⊥

¬A1, l‖(A → ⊥)‖ ⊑ l‖⊥‖ ⇒ ⊥

¬A1 ⇒ ¬(l‖(A → ⊥)‖ ⊑ l‖⊥‖) ⊥ ⇒ ⊥

¬¬(l‖(A → ⊥)‖ ⊑ l‖⊥‖),¬A1 ⇒ ⊥

¬¬(l‖(A → ⊥)‖ ⊑ l‖⊥‖) ⇒ ¬¬A1

‖(A → ⊥) → ⊥‖ ⇒ ‖A‖Re 1.6iv. Employ 122.46v from [15℄, p. 1663:
⊥ ⇒ ⊥

⇒ l⊥ ⊑ l⊥
⇒ ¬¬(l⊥ ⊑ l⊥)

a ⊑ a ⇒ a ⊑ a

⇒ lx (x ⊑ x) ⊑ lx (x ⊑ x))

⇒ ¬¬(lx (x ⊑ x) ⊑ lx (x ⊑ x))

⊥ ⇒ B ⊥ ⇒ ⊥

⊥,¬B ⇒ ⊥ly ¬¬(y ⊑ y) ⊑ l⊥,¬B ⇒ ⊥

¬¬(ly¬¬(y ⊑ y) ⊑ l⊥),¬B ⇒ ⊥ly¬¬(y ⊑ y) ⊑ lx¬¬(ly¬¬(y ⊑ y) ⊑ x),¬B ⇒ ⊥

¬¬(ly ¬¬(y ⊑ y) ⊑ lx¬¬(ly¬¬(y ⊑ y) ⊑ x)),¬B ⇒ ⊥

‖⊥‖,¬B ⇒ ⊥Re 1.6v. Let ¬¬A1 ≡ ‖A‖ and ¬¬B1 ≡ ‖B‖ a

ording to proposition1.5. Employ 122.46v from [15℄, p. 1663:
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A1 ⇒ A1 ⊥ ⇒ ¬B1

¬A1, A1 ⇒ ¬B1

¬¬B1,¬A1, A1 ⇒ ⊥

¬¬B1,¬A1 ⇒ ¬A1 ⊥ ⇒ ⊥

¬¬A1,¬¬B1,¬A1 ⇒ ⊥

¬¬A1,¬¬B1 ⇒ ¬¬A1

‖A‖, ‖B‖ ⇒ ‖A‖Re 1.6vi.
¬(s∈b) ⇒ ¬(s∈b) ⊥ ⇒ ⊥

¬¬(s∈b),¬(s∈b) ⇒ ⊥

s∈lx¬¬(x∈b),¬(s∈b) ⇒ ⊥ 1.3iii
¬¬(s∈lx¬¬(x∈b)),¬(s∈b) ⇒ ⊥

¬¬(s∈lx¬¬(x∈b)) ⇒ ¬¬(s∈b)

¬¬(s∈lx¬¬(x∈b)) ⇒ s∈lx¬¬(x∈b)Re 1.6vii. Let ¬¬A1[s] ≡ ‖A[s]‖ a

ording to proposition 1.5.
¬A1[s] ⇒ ¬A1[s]

¬¬A1[s],¬A1[s] ⇒ ⊥

‖A[s]‖,¬A1[s] ⇒ ⊥

s∈lx ‖A[x]‖,¬A1[s] ⇒ ⊥ 1.3iii
¬¬(s∈lx ‖A[x]‖),¬A1[s] ⇒ ⊥

¬¬(s∈lx ‖A[x]‖) ⇒ ¬¬A1[s]

¬¬(s∈lx ‖A[x]‖) ⇒ ‖A[s]‖

¬¬(s∈lx ‖A[x]‖) ⇒ s∈lx ‖A[x]‖ qedProposition 1.7. Inferen
es a

ording to the following s
hemata are
LB

◦-derivable.
Γ ⇒ ¬¬(s∈‖t‖)

Γ ⇒ s∈‖t‖
(1.7i)
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s∈‖t‖, Γ ⇒ C

¬¬(s∈‖t‖), Γ ⇒ C
(1.7ii)Proof. This are fairly immediate 
onsequen
e of 1.6vi and 1.6vii. qedThe next step is to show that the interpretation of every LDl-deriv-able inferen
e is LB

◦-derivable.Proposition 1.8. Inferen
es a

ording to the following s
hemata are
LB

◦-derivable.
‖Γ ⇒ C‖

‖A, Γ ⇒ C‖
(1.8i)

‖Γ, A, B, Π ⇒ C‖

‖Γ, B, A, Π ⇒ C‖
(1.8ii)

‖Γ ⇒ A‖ ‖A, Π ⇒ C‖

‖Γ, Π ⇒ C‖
(1.8iii)

‖Γ ⇒ A[s]‖ ‖B[s], Π ⇒ C‖

‖lx A[x] ⊑ ly B[y], Γ, Π ⇒ C‖
(1.8iv)

‖Γ, A[a] ⇒ B[a]‖

‖Γ ⇒ lx A[x] ⊑ ly B[y]‖
(1.8v)Proof. Re 1.8i. This is `weakening'. Employ 1.6iv. Distinguish two 
ases:empty ante
edent or not. In the �rst 
ase, let ¬¬B1 ≡ ‖B‖ and ¬¬C1 ≡
‖C‖ a

ording to proposition 1.5.

⇒ ‖C‖

⇒ ¬¬C1

¬C1 ⇒ ¬C1 ⊥ ⇒ ¬B1

¬C1,¬¬C1 ⇒ ¬B1

¬C1 ⇒ ¬B1

¬¬B1 ⇒ ¬¬C1

‖B‖ ⇒ ‖C‖

‖B ⇒ C‖



100 uwe petersenIn the se
ond 
ase, let Γ be the sequen
e A1, . . . , Am. Employ 1.6iv.
‖A‖, ‖A1‖ ⇒ ‖A1‖

‖A1, . . . , Am ⇒ C‖

‖A1‖, . . . , ‖Am‖ ⇒ ‖C‖
♣

‖A‖, ‖A1‖, . . . , ‖Am‖ ⇒ ‖C‖

‖A, A1, . . . , Am ⇒ C‖Re 1.8ii. This is `ex
hange'. Obvious. left to the reader.Re 1.8iii. This is `
ut'.
‖Γ ⇒ A‖

‖Γ‖ ⇒ ‖A‖

‖A, Π ⇒ C‖

‖A‖, ‖Π‖ ⇒ ‖C‖
♣

‖Γ‖, ‖Π‖ ⇒ ‖C‖

‖Γ‖, ‖Π‖ ⇒ ‖C‖

‖Γ, Π ⇒ C‖Re 1.8iv. This is ⊑-left rule. Let ¬¬C1 ≡ ‖C‖ a

ording to proposition1.5.
‖Γ ⇒ A[s]‖

‖Γ‖ ⇒ ‖A[s]‖

‖B[s], Π ⇒ C‖

‖B[s]‖, ‖Π‖ ⇒ ‖C‖

‖B[s]‖, ‖Π‖ ⇒ ¬¬C1lx ‖A[x]‖ ⊑ ly ‖B[y]‖, ‖Γ‖, ‖Π‖ ⇒ ¬¬C1lx ‖A[x]‖ ⊑ ly ‖B[y]‖, ‖Γ‖, ‖Π‖,¬C1 ⇒ ⊥ 1.3iii
¬¬(lx ‖A[x]‖ ⊑ ly ‖B[y]‖), ‖Γ‖, ‖Π‖,¬C1 ⇒ ⊥

¬¬(lx ‖A[x]‖ ⊑ ly ‖B[y]‖), ‖Γ‖, ‖Π‖ ⇒ ¬¬C1

‖lx A[x] ⊑ ly B[y], ‖Γ‖, ‖B‖ ⇒ ‖C‖

‖lx A[x] ⊑ ly B[y], Γ, Π ⇒ C‖Re 1.8v. This is `⊑-right'.
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‖Γ, A[a] ⇒ B[a]‖

‖Γ‖, ‖A[a]‖ ⇒ ‖B[a]‖

‖Γ‖ ⇒ lx ‖A[x]‖ ⊑ ly ‖B[y]‖

‖Γ‖ ⇒ ¬¬(lx ‖A[x]‖ ⊑ ly ‖B[y]‖)

‖Γ ⇒ lx A[x] ⊑ ly B[y]‖ qed2. Addition 130d. Appli
ation of the �xed point property:a numeralwise representation of the re
ursive fun
tionsin L
i
Dl2The possibility of obtaining a de�nition of the natural numbers in L

i
Dlthat would provide indu
tion in a �se
ond order style� as, e.g., in se
tion41f in [15℄, is out of question for simple ordinal reasons: the 
onsisten
yof L

i
Dl is already provable by means of a simple indu
tion. As a result,the possibility of de�ning re
ursive fun
tions in a �Dedekind style� is notopen.3There is, however, the possibility of numeralwise representing all re-
ursive fun
tions. This possibility is essentially based on two features of
ontra
tion free logi
 with unrestri
ted abstra
tion, viz.,� the (dire
t) �xed point property, and� the 
ontra
tibility of ≡-w�s.The (dire
t) �xed point property provides for terms that numeralwise rep-resent re
ursive fun
tions somewhat like the re
ursion theorem providesfor partial re
ursive fun
tions.4 What is spe
i�
 about this numeralwiserepresentation of re
ursive fun
tion is the role of identity; i.e., what is
2 This addition was sparked by [18℄ and [19℄. Cf. also [6℄. An a
tual proof of thenumeralwise representability of the re
ursive fun
tions does not seem to be availablein print. [18℄ is not published and [19℄ only states the result with referen
e to [18℄.
3 It is possible, of 
ourse, to provide de�nitions in that style, but due to thededu
tive weakness of L

i
Dl their 
hara
teristi
 properties 
annot be proved in L

i
Dl.As emphasized in [19℄, p. 10 (albeit with regard to a slightly di�erent system), �su
ha theory is des
riptively ri
h� but �proof theoreti
ally very weak (as its 
onsisten
y isestablished by the indu
tion up to ω).�

4 There is a signi�
ant di�eren
e, though: the re
ursion theorem is 
ompatiblewith 
lassi
al logi
, but not so the (dire
t) �xed point theorem.



102 uwe petersenbeing 
onsidered are numerals, not anything that equals it.5 In this waysome valuable 
lassi
al features are res
ued for our non-
lassi
al situationlike the very 
ontra
tibility of ≡-w�s.This approa
h works well for all fun
tions de�ned by n-re
ursion. Itis the sort of 
losure operation 
onstituted by minimization that needsspe
ial attention. What is required is a form of tri
hotomy in order toprove that minimization 
an be numeralwise represented.The proximity of the proof presented here to the one in [3℄, pp. 192�199, or [2℄, pp. 166�171, for the 
ase of Robinson's arithmeti
 will beobvious. The main point is that the smaller relation and with it the rep-resentation of the least number operater is based on a term B
∗ whi
h isintrodu
ed as a �xed point. It a
ts like a strengthened kind of B-axiom6 inthat it allows to prove a form of tri
hotomy. As in the 
ase of Robinson'sarithmeti
 heavy weight lies on the use of meta-theoreti
al indu
tion.That's where results are only established for numerals.I begin with an adaptation of the notion of numeralwise representa-tion to the situation of L

i
Dl.Definitions 2.1. (1) A k-pla
e total fun
tion f is said to be numeralwiserepresented by f in L

i
Dl, if the following holds:if f(~n) = m, then {

⊢
L
i
Dl 〈̊~n, m〉̊∈f

⊢
L
i
Dl ∧

x (̊〈~n , x〉̊∈f → x ≡ m)for all k-tuples ~n of natural numbers and natural numbers m.(2) A fun
tion f is said to be numeralwise representable in L
i
Dl, if thereis a term t whi
h numeralwise represents f in L

i
Dl.Next 
ome the ex
lusive su

essor notion and some of its propertieswhi
h will be needed later.Definition 2.2. s½̊ :≡ lx(x∈s ⋄ x ≡ s) .

5 This means, in parti
ular, that fun
tions 
annot be employed to apply to argu-ments; i.e., , instead of f [[x]] = y one only has something like 〈̊y, x〉̊∈f .
6 Cf. in de�nition 128.36 on p. 1764 of [15℄.
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ording to the following s
hemata are L
i
Dl-dedu
ible.

⇒ s∈s½̊(2.3i)
s½̊ ≡ 0 ⇒(2.3ii)
s½̊ ≡ t½̊ ⇒ s∈t½̊(2.3iii)
s∈n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n(2.3iv)
s½̊ ≡ n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n(2.3v)
s ≡ n½̊, s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⇒(2.3vi)
s½̊ ≡ n½̊ ⇒ s ≡ n(2.3vii)Proof. Re 2.3i and 2.3ii. As for their in
lusive 
ounterparts, 
f. 128.29iand 128.29ii in [15℄, p. 1759.Re 2.3iii.

⇒ s∈s½̊ s∈t½̊ ⇒ s∈t½̊
s∈s½̊ → s∈t½̊ ⇒ s∈t½̊

s½̊ ≡ t½̊ ⇒ s∈t½̊Re 2.3iv. Employ a meta-theoreti
al indu
tion on n.
n = 0:

s∈0 ⇒ s ≡ 0 ⇒ s½̊ ≡ 0½̊
s∈0½̊ ⇒ s ≡ 0

s∈0½̊ ⇒ s½̊ ≡ 0½̊
============================
s∈0½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n

n = m½̊ :
s∈m½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ m s ≡ m½̊ ⇒ s ≡ m½̊

s∈m½̊ ⋄ s ≡ m½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ m ⋄ s ≡ m½̊
s∈m½̊ ½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ m ⋄ s ≡ m½̊Re 2.3v. Employ a 
ut on 2.3iii and 2.3iv:

s½̊ ≡ n½̊ ⇒ s∈n½̊ s∈n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n
♣

s½̊ ≡ n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ nRe 2.3vi. Employ a meta-theoreti
al indu
tion on n. For n = 0, the situ-ation is immediately 
lear from 126.45i in [15℄:
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m½̊ ½̊ ≡ 0½̊ ⇒

s½̊ ≡ m½̊ ½̊, s½̊ ≡ 0½̊ ⇒ . . .

m½̊ ½̊ ≡ m½̊ ⇒
s½̊ ≡ m½̊ ½̊, s½̊ ≡ m½̊ ⇒n ⋄-introdu
tions left

s½̊ ≡ m½̊ ½̊, s½̊ ≡ 0 ⋄ · · · ⋄ s½̊ ≡ m½̊ ⇒Re 2.3vii. This is now an immediate 
onsequen
e of 2.3v and 2.3vi:
s½̊ ≡ n½̊ ⇒ s½̊ ≡ 0½̊ ⋄ · · · ⋄ s½̊ ≡ n ⋄ s ≡ n s½̊ ≡ n½̊, s½̊ ≡ 0 ⋄ · · · ⋄ s½̊ ≡ n ⇒

s½̊ ≡ n½̊ ⇒ s ≡ n qedIn view of result 10.6 in [15℄, p. 77, it is su�
ient to 
onsider:1. basi
 fun
tions Z, S, I, and the 
hara
teristi
 fun
tion of equality2. 
omposition3. addition and multipli
ation4. minimizationI begin with a numeralwise representation of the fun
tions listed under 1and 2.Definitions 2.4. (1) zero :≡ lxy(y ≡ 0) .(2) su
 :≡ lxy(y ≡ x½̊) .(3) idm
n :≡ l~xy(y ≡ xn) .(4) 
har= :≡ lxyz ((x ≡ y � z ≡ 0) ∨ (x 6≡ y � z ≡ 1)) .(4) 
omp[h,~g ] :≡ l~x~yz (̊〈~x , y1〉̊∈g1 � . . . �̊ 〈~x, yn〉̊∈gn �̊ 〈~y , z〉̊∈h) .Remark 2.5. In view of the de�nition of lxy F[x, y], the de�nition ofzero, e.g., amounts to lz ∨

x
∨

y(z ≡ 〈̊x, y〉̊� y ≡ 0) .7Proposition 2.6.zero numeralwise represents the zero fun
tion Z(2.6i) su
 numeralwise represents the su

essor fun
tion S(2.6ii) id numeralwise represents I(2.6iii)
7 The axiom employed in [18℄ amounts to lz W

x(z ≡ 〈̊x, 0〉̊) in my symbolism.
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har= numeralwise represents the 
hara
teristi
 fun
tion(2.6iv) of equality χeq
omp[h,~g ] numeralwise represents the 
omposition of(2.6v) fun
tions Cn[h, g1, . . . , gm]Proof. Completely straightforward, but to see the point of the notion ofidentity in the de�nitions, I just indi
ate how to treat the 
ase of zero:What has to be shown is
⊢

L
i
Dl 〈̊n, 0〉̊∈lxy(y ≡ 0), and

⊢
L
i
Dl ∧

x (̊〈n, x〉̊∈ zero → x ≡ 0) .The �rst one redu
es to 0 ≡ 0 and the se
ond one to a ≡ 0 ⇒ a ≡ 0. qedProposition 2.7. There are terms add and mult satisfying(2.7i) L
i
Dl ⊢ add = lx1x2x3 ((x2 ≡ 0 � x3 ≡ x1)⋄∨

y
∨

z (x2 ≡ y ½̊ � x3 ≡ z ½̊ �̊ 〈̊〈x1 , y〉̊, z〉̊∈add))(2.7ii) L
i
Dl ⊢ mult = lx1x2x3 ((x2 ≡ 0 � x3 ≡ 0)⋄

∨
y

∨
z (x2 ≡ y ½̊ �̊ 〈̊〈z, x1 〉̊, x3 〉̊∈add �̊ 〈̊〈x1 , y〉̊, z〉̊∈mult))Proof. This is again an immediate 
onsequen
e of the �xed point property.qedThe following 
onvention is introdu
ed for the 
onvenien
e of formu-lating results regarding add and mult .Convention 2.8.(1) ADD :≡ lx1x2x3 ((x2 ≡ 0 � x3 ≡ x1)⋄∨

y
∨

z (x2 ≡ y ½̊ � x3 ≡ z ½̊ �̊ 〈̊〈x1 , y〉̊, z〉̊∈add))(2) MULT :≡ lx1x2x3 ((x2 ≡ 0 � x3 ≡ 0)⋄
∨

y
∨

z (x2 ≡ y ½̊ �̊ 〈̊〈z, x1 〉̊, x3 〉̊∈add �̊ 〈̊〈x1 , y〉̊, z〉̊∈mult))



106 uwe petersenCorollary 2.9. Inferen
es a

ording to the following s
hemata are L
i
Dl-derivable

s∈ADD, Γ ⇒ C

s∈add , Γ ⇒ C
(2.9i)

Γ ⇒ s∈ADD

Γ ⇒ s∈add
(2.9ii)

s∈MULT , Γ ⇒ C

s∈mult , Γ ⇒ C
(2.9iii)

Γ ⇒ s∈MULT

Γ ⇒ s∈mult
(2.9iv)Proposition 2.10. Sequents a

ording to the following s
hemata are
L
i
Dl-dedu
ible.

⇒ 〈̊̊〈s, 0〉̊, s〉̊∈add(2.10i)
〈̊̊〈s, t〉̊, r〉̊∈add ⇒ 〈̊̊〈s, t½̊ 〉̊, r½̊ 〉̊∈add(2.10ii)
〈̊̊〈s, 0〉̊, t〉̊∈add ⇒ t ≡ s(2.10iii)
∧

x (̊〈̊〈s, n〉̊, x〉̊∈ add → x ≡ p),̊ 〈̊〈s, n½̊ 〉̊, t〉̊∈add ⇒ t ≡ p½̊(2.10iv)Proof. Re 2.10i.
⇒ 0 ≡ 0 ⇒ s ≡ s

⇒ 0 ≡ 0 � s ≡ s

⇒ (0 ≡ 0 � s ≡ s) ⋄
∨

y
∨

z (0 ≡ y ½̊ � s ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add)

⇒ 〈̊̊〈s, 0〉̊, s〉̊∈addRe 2.10ii. In view of 2.19i below, this is left to the reader.
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t ≡ s ⇒ t ≡ s

0 ≡ 0, t ≡ s ⇒ t ≡ s

0 ≡ 0 � t ≡ s ⇒ t ≡ s

0 ≡ b½̊ ⇒
========================
0 ≡ b½̊, t ≡ c½̊ ,̊ 〈̊〈s, b〉̊, c〉̊∈add) ⇒

==========================
0 ≡ b½̊ � t ≡ c½̊ �̊ 〈̊〈s, b〉̊, c〉̊∈add) ⇒

=================================∨
y

∨
z (0 ≡ y ½̊ � t ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add) ⇒

(0 ≡ 0 � t ≡ s) ⋄
∨

y
∨

z (0 ≡ y ½̊ � t ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add) ⇒ t ≡ s 2.9ii
〈̊̊〈s, 0〉̊, t〉̊∈add ⇒ t ≡ sRe 2.10iv. Let A stand for ∧

x (̊〈̊〈s, n〉̊, x〉̊∈ add → x ≡ p) and C for∨
y

∨
z (n½̊ ≡ y ½̊ � t ≡ z ½̊ �̊ 〈̊〈s, y〉̊, z〉̊∈add):

⇒ ¬(n½̊ ≡ 0 � t ≡ s)

〈̊̊〈s,n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n〉̊, c〉̊∈add

c ≡ p ⇒ c½̊ ≡ p½̊
c ≡ p, t ≡ c½̊ ⇒ t ≡ p½̊

〈̊̊〈s,n〉̊, c〉̊∈add → c ≡ p, t ≡ c½̊ ,̊ 〈̊〈s,n〉̊, c〉̊∈add ⇒ t ≡ p½̊
A, t ≡ c½̊ ,̊ 〈̊〈s,n〉̊, c〉̊∈add ⇒ t ≡ p½̊

A, n ≡ b, t ≡ c½̊ ,̊ 〈̊〈s, b〉̊, c〉̊∈add ⇒ t ≡ p½̊ 2.3vii
A, n½̊ ≡ b½̊, t ≡ c½̊ ,̊ 〈̊〈s, b〉̊, c〉̊∈add ⇒ t ≡ p½̊

=================================
A, n½̊ ≡ b½̊

� t ≡ c½̊
�̊ 〈̊〈s, b〉̊, c〉̊∈add ⇒ t ≡ p½̊

=================================
V

x (̊〈̊〈s,n〉̊, x〉̊∈add → x ≡ p),C ⇒ t ≡ p½̊
V

x (̊〈̊〈s,n〉̊, x〉̊∈add → x ≡ p), (n½̊ ≡ 0 � t ≡ s) ⋄ C ⇒ t ≡ p½̊ 2.9ii
V

x (̊〈̊〈s,n〉̊, x〉̊∈add → x ≡ p),̊ 〈̊〈s,n½̊ 〉̊, t〉̊∈add ⇒ t ≡ p½̊ qedProposition 2.11. Sequents a

ording to the following s
hemata are
L
i
Dl-dedu
ible.

⇒ 〈̊̊〈s, 0〉̊, 0〉̊∈mult(2.11i)
〈̊̊〈s, t〉̊, s1 〉̊∈mult ,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ 〈̊̊〈s, t½̊ 〉̊, r〉̊∈mult(2.11ii)
〈̊̊〈s, 0〉̊, t〉̊∈mult ⇒ t ≡ 0(2.11iii)
∧

x (̊〈̊〈s, n〉̊, x〉̊∈mult → x ≡ r1),̊ 〈̊〈s, n
½̊ 〉̊, t〉̊∈mult ,(2.11iv)

∧
x (̊〈̊〈r1 , s〉̊, x〉̊∈add → x ≡ r2) ⇒ t ≡ r2



108 uwe petersenProof. Essentially as for 2.10; I shall only treat the se
ond as an example.Re 2.11ii. To save spa
e, let C be short for (t½̊ ≡ 0 � r ≡ 0) and A for
〈̊̊〈s, t〉̊, s1 〉̊∈mult :

A ⇒ t½̊ ≡ t½̊ �̊ 〈̊〈s, t〉̊, s1〉̊∈mult 〈̊̊〈s1, s〉̊, r〉̊∈add ⇒ 〈̊̊〈s1, s〉̊, r〉̊∈add

============================================================
〈̊̊〈s, t〉̊, s1 〉̊∈mult ,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ t½̊ ≡ t½̊ �̊ 〈̊〈s1, s〉̊, r〉̊∈add �̊ 〈̊〈s, t〉̊, s1 〉̊∈mult

============================================================
A,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒

W

y
W

z (t½̊ ≡ y ½̊
�̊ 〈̊〈z, s〉̊, r〉̊∈add �̊ 〈̊〈x1, y〉̊, z〉̊∈mult)

A,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ C ⋄
W

y
W

z (t½̊ ≡ y ½̊
�̊ 〈̊〈z, s〉̊, r〉̊∈add �̊ 〈̊〈x1, y〉̊, z〉̊∈mult)

〈̊̊〈s, t〉̊, s1〉̊∈mult ,̊ 〈̊〈s1, s〉̊, r〉̊∈add ⇒ 〈̊̊〈s, t½̊〉̊, r〉̊∈multRe 2.11iv. To save spa
e, let A stand for ∧
x (̊〈̊〈s, n〉̊, x〉̊∈mult → x ≡ r1)and C for ∨

y
∨

z (n½̊ ≡ y ½̊ �̊ 〈̊〈z, s〉̊, t〉̊∈add �̊ 〈̊〈s, y〉̊, z〉̊∈mult) and F for∧
x (̊〈̊〈r1 , s〉̊, x〉̊∈add → x ≡ r2):

⇒ ¬(n½̊ ≡ 0 � t ≡ 0)

〈̊̊〈s,n〉̊, c〉̊∈mult ⇒ 〈̊̊〈s,n〉̊, c〉̊∈mult

〈̊̊〈r1, s〉̊, t〉̊∈add ⇒ 〈̊̊〈r1, s〉̊, t〉̊∈add t ≡ r2 ⇒ t ≡ r2

〈̊̊〈r1, s〉̊, t〉̊∈add → t ≡ r2 ,̊ 〈̊〈r1, s〉̊, t〉̊∈add ⇒ t ≡ r2

F ,̊ 〈̊〈r1, s〉̊, t〉̊∈add ⇒ t ≡ r2

c ≡ r1,F ,̊ 〈̊〈c, s〉̊, t〉̊∈add ⇒ t ≡ r2

〈̊̊〈s,n〉̊, c〉̊∈mult → c ≡ r1 ,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s, n〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

A,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s,n〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

A, n ≡ b,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s, b〉̊, c〉̊∈mult ,F ⇒ t ≡ r2 2.3vii
A, n½̊ ≡ b½̊,̊ 〈̊〈c, s〉̊, t〉̊∈add ,̊ 〈̊〈s, b〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

===========================================
A, n½̊ ≡ b½̊

�̊ 〈̊〈c, s〉̊, t〉̊∈add �̊ 〈̊〈s, b〉̊, c〉̊∈mult ,F ⇒ t ≡ r2

===========================================
A, C,F ⇒ t ≡ r2

A,¬(n½̊ ≡ 0 � n ≡ 0) ⋄ C,F ⇒ t ≡ r2 2.9iv
A,̊ 〈̊〈s, n½̊〉̊, t〉̊∈mult ,F ⇒ t ≡ r2 qedProposition 2.12.

add numeralwise represents the fun
tion +(2.12i)
mult numeralwise represents the fun
tion ·(2.12ii)
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⊢

L
i
Dl 〈̊̊〈m, n〉̊, p〉̊∈add , and

⊢
L
i
Dl ∧

x (̊〈̊〈m, n〉̊, x〉̊∈ add → x ≡ p) .In both 
ases, employ a meta-theoreti
al indu
tion on n.As regards the �rst one:
n = 0. What has to be shown is ⊢

L
i
Dl 〈̊̊〈m, 0〉̊, m〉̊∈add . This is 2.10i.

n = k′. What has to be shown is that if p is the numeri
al value of
m + k, then ⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, p½̊ 〉̊∈add . By the indu
tion hypothesis, ⊢

L
i
Dl

〈̊̊〈m, k〉̊, p〉̊∈add . This yields the 
laim by a 
ut with 2.10ii.As regards the se
ond one:
n = 0. What has to be shown is ⊢

L
i
Dl ∧

x (̊〈̊〈m, 0〉̊, x〉̊∈ add → x ≡ m).This is easily obtained from 2.10iii.
n = k′. What has to be shown is that if p is the numeri
al value of m + k,then ⊢

L
i
Dl ∧

x (̊〈̊〈m, k½̊ 〉̊, x〉̊∈add → x ≡ p½̊). By the indu
tion hypothesis,
⊢

L
i
Dl ∧

x (̊〈̊〈m, k〉̊, x〉̊∈ add → x ≡ p). By a 
ut with 2.10ii this yields
⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, c〉̊∈add ⇒ c ≡ p½̊ whi
h yields the 
laim by →- and ∧-introdu
tion.Re 2.12ii. What has to be shown is that if m · n = p, then
⊢

L
i
Dl 〈̊̊〈m, n〉̊, p〉̊∈mult , and

⊢
L
i
Dl ∧

x (̊〈̊〈m, n〉̊, x〉̊∈mult → x ≡ p) .Again, employ meta-theoreti
al indu
tions on n.As regards the �rst one:
n = 0. What has to be shown is ⊢

L
i
Dl 〈̊̊〈m, 0〉̊, 0〉̊∈mult . This is 2.11i.

n = k′. What has to be shown is that if p is the numeri
al value of
m · k and q is the numeri
al value of p + m, then ⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, q〉̊∈mult .By the indu
tion hypothesis, ⊢

L
i
Dl 〈̊̊〈m, k〉̊, p〉̊∈mult and by 2.12i, ⊢

L
i
Dl

〈̊̊〈p, m〉̊, q〉̊∈add . Two 
uts with 2.11ii yield the 
laim.As regards the se
ond one:
n = 0. What has to be shown is ⊢

L
i
Dl ∧

x (̊〈̊〈m, 0〉̊, x〉̊∈mult → x ≡ 0).This is easily obtained from 2.11iii.
n = k′. Let p be the numeri
al value of m · k and q that of p + m. Then,by the indu
tion hypothesis, ⊢

L
i
Dl ∧

x (̊〈̊〈m, k〉̊, x〉̊∈mult → x ≡ p) andby 2.12i, ⊢
L
i
Dl ∧

x (̊〈̊〈p, m〉̊, x〉̊∈ add → x ≡ q). Two 
uts with 2.11iv yield
⊢

L
i
Dl 〈̊̊〈m, k½̊ 〉̊, t〉̊∈mult ⇒ t ≡ q . Applying a →- and a ∧-introdu
tionthen yields ⊢

L
i
Dl ∧

x (̊〈̊〈m, k½̊ 〉̊, x〉̊∈mult → x ≡ q). qed



110 uwe petersenRemark 2.13. Of 
ourse, all total fun
tions de�nable by 1-re
ursion 
anbe numeralwise represented in that way. If the fun
tion f is de�ned byprimitive re
ursion from the fun
tions g and h, and g and h are representedin L
i
Dl by g and h, respe
tively, then f is represented by the term fsatisfying the following �xed point property in L

i
Dl:

f = lx1x2x3 ((x2 ≡ 0 �̊ 〈x1, x3 〉̊∈g)⋄
∨

y
∨

z (x2 ≡ y ½̊ �̊ 〈̊〈x1, y〉̊, z〉̊∈f �̊ 〈̊〈̊〈x1 , y〉̊, z〉̊, x3 〉̊∈h)) .As a matter of fa
t, n-re
ursion 
an be represented in that way too. Asan example, 
onsider the so-
alled A
kermann fun
tion. Employ the fol-lowing �xed point ak for a numeralwise representation of the A
kermannfun
tion:ak = lx1x2x3 ((x1 ≡ 0 � x3 ≡ x2
½̊) ⋄

∨
y (x1 ≡ y ½̊ � x2 ≡ 0 �̊ 〈̊〈y, 0½̊ 〉̊, x3 〉̊∈ak) ⋄∨

y1

∨
y2

∨
z (x1 ≡ y1

½̊
� x2 ≡ y2

½̊
�̊ 〈̊〈x1, y2〉̊, z〉̊∈ak �̊ 〈̊〈x1 , z〉̊, x3 〉̊∈ak) .In other words, all stages of re
ursion 
an be numeralwise represented ina straightforward manner. This may provoke the question as to what theleast number operator a
tually adds to the notion of re
ursion.The following s
hemata of inferen
e will 
ome handy in the furtherpresentation. They are instan
es of what I 
alled an �ex
lusion prin
iple�in remarks 116.6 and 119.1 in [15℄, for example.Proposition 2.14. Inferen
es a

ording to the following s
hemata are

L
i
Dl-derivable.

Γ ⇒ F[s, 0, s] Γ,̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, a½̊, b½̊]
Γ,̊ 〈̊〈s, t〉̊, r〉̊∈ add ⇒ F[s, t, r]

(2.14i)
Γ ⇒ F[s, 0, s] Γ,̊ 〈̊〈b, s〉̊, r〉̊∈add ,̊ 〈̊〈s, a〉̊, b〉̊∈mult ⇒ F[s, a½̊, r]

Γ,̊ 〈̊〈s, t〉̊, r〉̊∈mult ⇒ F[s, t, r]
(2.14ii)
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Γ ⇒ F[s, 0, s]

====================
Γ, t ≡ 0, r ≡ s ⇒ F[s, t, r]

Γ, t ≡ 0 � r ≡ s⇒ F[s, t, r]

Γ,̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, a½̊, b½̊]
Γ, t ≡ a½̊, r ≡ b½̊,̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, t, r]

==================================
Γ, t ≡ a½̊

� r ≡ b½̊
�̊ 〈̊〈s, a〉̊, b〉̊∈add ⇒ F[s, t, r]

=========================================
Γ,

W

y
W

z (t ≡ y ½̊
� r ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)⇒F[s, t, r]

Γ, (t ≡ 0 � r ≡ s) ⋄
W

y
W

z (t ≡ y ½̊
� r ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add) ⇒ F[s, t, r]

Γ,̊ 〈̊〈s, t〉̊, r〉̊∈add ⇒ F[s, t, r]Re 2.14ii. Let A :≡ (t ≡ ∗1
½̊

�̊ 〈̊〈∗2, s〉̊, r〉̊∈add �̊ 〈̊〈s, ∗1 〉̊, ∗2 〉̊∈mult):
Γ ⇒ F[s, 0, 0]

====================
Γ, t ≡ 0, r ≡ 0 ⇒ F[s, t, r]

Γ, t ≡ 0 � r ≡ 0 ⇒ F[s, t, r]

Γ,̊ 〈̊〈b, s〉̊, r〉̊∈add ,̊ 〈̊〈s, a〉̊, b〉̊∈mult ⇒ F[s, a½̊, r]
Γ, t ≡ a½̊ ,̊ 〈̊〈b, s〉̊, r〉̊∈add ,̊ 〈̊〈s, a〉̊, b〉̊∈mult ⇒ F[s, t, r]
========================================

Γ, A[a, b] ⇒ F[s, t, r]
=====================
Γ,

W

y
W

z A[y, z] ⇒ F[s, t, r]

Γ, (t ≡ 0 � r ≡ 0) ⋄
W

y
W

z A[y, z] ⇒ F[s, t, r]

Γ,̊ 〈̊〈s, t〉̊, r〉̊∈mult ⇒ F[s, t, r] qedProposition 2.15. Sequents a

ording to the following s
hemata are
L
i
Dl-dedu
ible.

〈̊̊〈s½̊, n〉̊, t〉̊∈add ⇒ 〈̊̊〈s, n½̊ 〉̊, t〉̊∈add(2.15i)
〈̊̊〈c½̊, a〉̊, n½̊ 〉̊∈add ⇒ a ≡ 0 ⋄ . . . ⋄ a ≡ n(2.15ii)Proof. Re 2.15i. Employ an indu
tion on n. As regards the indu
tionbasis, employ 2.10iii:

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ t ≡ s½̊
======================================
〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ 0½̊ ≡ 0½̊

� t ≡ s½̊
�̊ 〈̊〈s,0〉̊, s〉̊∈add

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒
W

y
W

z (0½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ (0½̊ ≡ 0 � t ≡ s) ⋄
W

y
W

z (0½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

〈̊̊〈s½̊, 0〉̊, t〉̊∈add ⇒ 〈̊̊〈s,0½̊〉̊, t〉̊∈add
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tion step, �rstly, employ 2.3ii:
0 ≡ n½̊ ⇒

0 ≡ n½̊, t ≡ s½̊ ⇒ 〈̊̊〈s, n½̊ ½̊ 〉̊, t〉̊∈add
==========================
0 ≡ n½̊ � t ≡ s½̊ ⇒ 〈̊̊〈s, n½̊ ½̊ 〉̊, t〉̊∈addSe
ondly, employ the indu
tion hypothesis. In the proof �gure to follow,let C stand for (n½̊ ½̊ ≡ 0 � t ≡ s):

t ≡ c½̊ ⇒ t ≡ c½̊
t ≡ c½̊

�̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ t ≡ c½̊ 〈̊̊〈s½̊, n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊〉̊, c〉̊∈add

t ≡ c½̊
�̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊〉̊, c〉̊∈add

t ≡ c½̊
�̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ t ≡ c½̊

�̊ 〈̊〈s,n½̊〉̊, c〉̊∈add

t ≡ c½̊
�̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ n½̊ ½̊ ≡ n½̊ ½̊

� t ≡ c½̊
�̊ 〈̊〈s,n½̊〉̊, c〉̊∈add

====================================================
t ≡ c½̊

�̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒
W

y
W

z (n½̊ ½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

t ≡ c½̊
�̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ C ⋄

W

y
W

z (n½̊ ½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s, y〉̊, z〉̊∈add)

t ≡ c½̊
�̊ 〈̊〈s½̊, n〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

n ≡ b, t ≡ c½̊
�̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

n½̊ ≡ b½̊, t ≡ c½̊
�̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

n½̊ ≡ b½̊
� t ≡ c½̊

�̊ 〈̊〈s½̊, b〉̊, c〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

===============================================
W

y
W

z (n½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s½̊, y〉̊, z〉̊∈add) ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈addTogether:
(0 ≡ n½̊

� t ≡ s½̊) ⋄ W

y
W

z (n½̊ ≡ y ½̊
� t ≡ z ½̊

�̊ 〈̊〈s½̊, y〉̊, z〉̊∈add) ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈add

〈̊̊〈s½̊, n½̊〉̊, t〉̊∈add ⇒ 〈̊̊〈s,n½̊ ½̊〉̊, t〉̊∈addRe 2.15ii. Employ an indu
tion on n. I only 
onsider the indu
tion step.Let E stand for ∗1 ≡ ∗2 ⋄ · · · ⋄ ∗1 ≡ n½̊ :
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0 ≡ c½̊ ⇒

s ≡ 0 � n½̊ ≡ c½̊ ⇒ s ≡ 0

〈̊̊〈c½̊, a〉̊, n½̊〉̊∈add ⇒ a ≡ 0 ⋄ . . . ⋄ a ≡ n
================================
〈̊̊〈c½̊, a〉̊, n½̊〉̊∈add ⇒ a½̊ ≡ 0½̊ ⋄ . . . ⋄ a½̊ ≡ n½̊
================================
s ≡ a½̊, n½̊ ≡ b,̊ 〈̊〈c½̊, a〉̊, b〉̊∈add ⇒ E[s, 0½̊] 2.3vii
s ≡ a½̊, n½̊ ½̊ ≡ b½̊,̊ 〈̊〈c½̊, a〉̊, b〉̊∈add ⇒ E[s, 0½̊]

==================================
s ≡ a½̊

� n½̊ ½̊ ≡ b½̊
�̊ 〈̊〈c½̊, a〉̊, b〉̊∈add ⇒ E[s, 0½̊]

=========================================
W

y
W

z (s ≡ y ½̊
� n½̊ ½̊ ≡ z ½̊

�̊ 〈̊〈c½̊, y〉̊, z〉̊∈add) ⇒ E[s, 0½̊]
(s ≡ 0 � n½̊ ½̊ ≡ c½̊) ⋄ W

y
W

z (s ≡ y ½̊
� n½̊ ½̊ ≡ z ½̊

�̊ 〈̊〈c½̊, y〉̊, z〉̊∈add) ⇒ E[s, 0]

〈̊̊〈c½̊, s〉̊, n½̊ ½̊〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n½̊ qedThe essential point for a representation of the least number operatoris the availability of a smaller relation < satisfying the following three
onditions for all terms s and every numeral n:81. ¬(s < 0)2. s < n′ ↔ s = 0 ∨ . . . ∨ s = n3. s < n ∨ s = n ∨ n < si.e., a 
ertain tri
hotomy of the natural numbers: two natural numbersare either equal or one of them is smaller than the other. In order to suitthe present framework, the various notions involved have to be adapted.Equality will be repla
ed by identity, the in
lusive su

essor will be re-pla
ed by the ex
lusive su

essor, ∨ will be repla
ed by ⋄. The task left isto �nd an appropriate notion of <. That's where a rudimentary9 notion ofnatural number 
omes into play: m is smaller than n, if there is a naturalnumber p su
h that m + p = n.What has to be a

ommodated for is a 
ertain self-referen
e in thede�nition of the natural numbers whi
h is expressed in the simple state-ment: n is a natural number, if it is either 0 or the su

essor of a naturalnumber. In other words, natural number is de�ned in terms of itself. Thisis what the �xed point of the next proposition aims at.Proposition 2.16. There is a term B
∗ satisfying

L
i
Dl ⊢ B

∗ = lx (x ≡ 0 ⋄
∨

y (y∈B
∗

� x ≡ y ½̊)) .

8 Cf. [13℄, p. 40, proposition I.3.3. Note, however, that the ∧ in the third 
onditionlisted there is obviously a typographi
al error that has to be repla
ed by ∨.
9 `Rudimentary', be
ause full indu
tion is not required.
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onsequen
e of the �xed point property asstated, e.g., in [14℄, theorem 7.3, p. 382, or theorem 130.8 on p. 1779 of[15℄. qedCorollary 2.17. Inferen
es a

ording to the following s
hemata are
L
i
Dl-derivable

s∈lx(x ≡ 0 ⋄
∨

y(y∈B
∗

� x ≡ y ½̊)), Γ ⇒ C

s∈B
∗, Γ ⇒ C

(2.17i)
Γ ⇒ s∈lx(x ≡ 0 ⋄

∨
y(y∈B

∗
� x ≡ y ½̊))

Γ ⇒ s∈B
∗

(2.17ii)Definition 2.18. ∨
B

∗

xF[x] :≡
∨

x(x∈B
∗

� F[x]) .I begin by listing the relevant properties of B
∗.Proposition 2.19. Sequents a

ording to the following s
hemata are

L
i
Dl-dedu
ible.

⇒ 0∈B
∗(2.19i)

s∈B
∗ ⇒ s½̊∈B

∗(2.19ii)Proof. Re 2.19i. Employ 2.16:
⇒ 0 ≡ 0

⇒ 0 ≡ 0 ⋄
∨

B
∗

y (0 ≡ y ½̊)
⇒ 0∈lx (x ≡ 0 ⋄

∨
B

∗

y (x ≡ y ½̊)) 2.17ii .
⇒ 0∈B

∗Re 2.19ii. Employ 2.16:
s∈B

∗ ⇒ s∈B
∗ ⇒ s½̊ ≡ s½̊

s∈B
∗ ⇒ s∈B

∗
� s½̊ ≡ s½̊

s∈B
∗ ⇒

∨
B

∗

y (s½̊ ≡ y ½̊)
s∈B

∗ ⇒ s½̊ ≡ 0 ⋄
∨

B
∗

y (s½̊ ≡ y ½̊)
s∈B

∗ ⇒ s½̊∈lx (x ≡ 0 ⋄
∨

B
∗

y (x ≡ y ½̊)) 2.17ii .
s∈B

∗ ⇒ s½̊∈B
∗ qed
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es a

ording to the following s
hema are
L
i
Dl-derivable.

Γ ⇒ F[0] Γ, a∈B
∗ ⇒ F[a½̊]

Γ, s∈B
∗ ⇒ F[s]Proof.

Γ ⇒ F[0]

Γ, s ≡ 0 ⇒ F[s]

Γ, a∈B
∗ ⇒ F[a½̊]

Γ, a∈B
∗, s ≡ a½̊ ⇒ F[s]

Γ, a∈B
∗

� s ≡ a½̊ ⇒ F[s]

Γ,
∨

B
∗

y (s ≡ y ½̊) ⇒ F[s]

Γ, s ≡ 0 ⋄
∨

B
∗

y (s ≡ y ½̊) ⇒ F[s]

Γ, s∈lx(x ≡ 0 ⋄
∨

B
∗

y (x ≡ y ½̊)) ⇒ F[s] 2.17i .
Γ, s∈B

∗ ⇒ F[s] qedFor minimization a smaller-relation between numerals is requiredwhi
h is introdu
ed next (essentially taken from [18℄, p. 8):Definition 2.21. less :≡ lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) .Proposition 2.22. If m and n are two natural numbers su
h that m < n,then ⇒ 〈̊m, n〉̊∈ less is L
i
Dl-dedu
ible.Proof. If m < n, then there is a natural number p su
h that p½̊ + m = n.By 2.19,⇒ p∈B

∗ is L
i
Dl-dedu
ible and by the numeralwise representabil-ity of addition, ⇒ 〈̊̊〈p½̊, m〉̊, n〉̊∈add is L

i
Dl-dedu
ible.

⇒ p∈B
∗ ⇒ 〈̊̊〈p½̊, m〉̊, n〉̊∈add

⇒ p∈B
∗

�̊ 〈̊〈p½̊, m〉̊, n〉̊∈add

⇒
∨

B
∗

z (̊〈̊〈z ½̊, m〉̊, n〉̊∈add)

⇒ 〈̊m, n〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) qedProposition 2.23. If n is a natural number, then sequents a

ording tothe following s
hemata are L
i
Dl-dedu
ible.

t∈B
∗ ⇒ 〈̊0, t½̊ 〉̊∈ less(2.23i)

s∈B
∗ ,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒ 〈̊n½̊, t〉̊∈ less(2.23ii)
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〈̊n, s〉̊∈ less ⇒ n½̊ ≡ s ⋄ 〈̊n½̊, s〉̊∈ less(2.23iii)
n ≡ s ⇒ 〈̊s, n½̊ 〉̊∈ less(2.23iv)
〈̊s, 0〉̊∈ less ⇒(2.23v)
〈̊s, n½̊ 〉̊∈ less ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n(2.23vi)
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less(2.23vii)Proof. Re 2.23i. Employ 2.10i:

t∈B
∗ ⇒ t∈B

∗ ⇒ 〈̊̊〈t½̊ , 0〉̊, t½̊ 〉̊∈add

t∈B
∗ ⇒ t∈B

∗
�̊ 〈̊〈t½̊ , 0〉̊, t½̊〉̊∈add

t∈B
∗ ⇒

∨
B

∗

z (̊〈̊〈z ½̊, 0〉̊, t½̊〉̊∈add)

t∈B
∗ ⇒ 〈̊0, t½̊ 〉̊∈ lessRe 2.23ii. Employ 2.15i:

s∈B
∗,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒ s∈B

∗
�̊ 〈̊〈s½̊, n½̊〉̊, t〉̊∈add

s∈B
∗,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒

∨
B

∗

z (̊〈̊〈z ½̊, n½̊〉̊, t〉̊∈add)

s∈B
∗,̊ 〈̊〈s½̊ ½̊, n〉̊, t〉̊∈add ⇒ 〈̊n½̊, t〉̊∈ lessRe 2.23iii. Employ an indu
tion on n. As regards the indu
tion basis,employ 2.10iii and 2.23ii. Let C stand for 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less :

〈̊̊〈0½̊, 0〉̊, s〉̊∈add ⇒ 0½̊ ≡ s

〈̊̊〈0½̊, 0〉̊, s〉̊∈add ⇒ C

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, 0〉̊, s〉̊∈add ⇒ 〈̊0½̊, s〉̊∈ less

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, 0〉̊, s〉̊∈add ⇒ C

c∈B
∗ ,̊ 〈̊〈c½̊, 0〉̊, s〉̊∈add ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less

c∈B
∗

�̊ 〈̊〈c½̊ , 0〉̊, s〉̊∈add ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less
∨

B
∗

z (̊〈̊〈z ½̊, 0〉̊, s〉̊∈add) ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ less

〈̊0, s〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) ⇒ 0½̊ ≡ s ⋄ 〈̊0½̊, s〉̊∈ lessAs regards the indu
tion step, employ again 2.10iii and 2.23ii. Let C standfor n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less :
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〈̊̊〈0½̊, n½̊〉̊, s〉̊∈add ⇒ n½̊ ½̊ ≡ s

〈̊̊〈0½̊, n½̊〉̊, s〉̊∈add ⇒ C

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, n½̊〉̊, s〉̊∈add ⇒ 〈̊n½̊ ½̊, s〉̊∈ less

a∈B
∗ ,̊ 〈̊〈a½̊ ½̊, n½̊〉̊, s〉̊∈add ⇒ C

c∈B
∗ ,̊ 〈̊〈c½̊, n½̊〉̊, s〉̊∈add ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less

c∈B
∗

�̊ 〈̊〈c½̊, n½̊〉̊, s〉̊∈add ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less
∨

B
∗

z1 (̊〈̊〈z1
½̊, n½̊ 〉̊, s〉̊∈add) ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ less

〈̊n½̊, s〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) ⇒ n½̊ ½̊ ≡ s ⋄ 〈̊n½̊ ½̊, s〉̊∈ lessRe 2.23v.
0 ≡ c½̊ ⇒

s ≡ 0 ∧ 0 ≡ c½̊ ⇒ 0 ≡ b½̊ ⇒
===========================
s ≡ a½̊ ∧ 0 ≡ b½̊ ∧ 〈̊̊〈c½̊ , a〉̊, b〉̊∈add ⇒

=================================∨
y

∨
z (s ≡ y ½̊ � 0 ≡ z ½̊ �̊ 〈̊〈c½̊ , y〉̊, z〉̊∈add) ⇒

(s ≡ 0 � 0 ≡ c½̊) ⋄ ∨
y

∨
z (s ≡ y ½̊ � 0 ≡ z ½̊ �̊ 〈̊〈c½̊, y〉̊, z〉̊∈add) ⇒

〈̊̊〈c½̊ , s〉̊, 0〉̊∈add ⇒

c∈B
∗ ,̊ 〈̊〈c½̊, s〉̊, 0〉̊∈add ⇒

c∈B
∗

�̊ 〈̊〈c½̊, s〉̊, 0〉̊∈add ⇒
∨

B
∗

z (̊〈̊〈z ½̊, s〉̊, 0〉̊∈add) ⇒

〈̊s, 0〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊, x〉̊, y〉̊∈add) ⇒Re 2.23vi. Employ 2.15ii:
〈̊̊〈c½̊, s〉̊, n½̊ 〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n

c∈B
∗ ,̊ 〈̊〈c½̊, s〉̊, n〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n

c∈B
∗

�̊ 〈̊〈c½̊, s〉̊, n〉̊∈add ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n
∨

B
∗

z (̊〈̊〈z ½̊, s〉̊, n½̊ 〉̊∈add) ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ n

〈̊s, n½̊ 〉̊∈lxy
∨

B
∗

z (̊〈̊〈z ½̊ , x〉̊, y〉̊∈add) ⇒ s ≡ 0 ⋄ . . . ⋄ s ≡ nRe 2.23vii. Distinguish two 
ases a

ording to whether n = 0 or n = p½̊,
p ∈ N. The �rst 
ase is an immediate 
onsequen
e of 2.23v. As regards
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ond 
ase, employ 2.23vi and 2.22:
〈̊s, p½̊〉̊∈less ⇒ s ≡ 0 ⋄ · · · ⋄ s ≡ p

⇒ 〈̊0, p½̊½̊〉̊∈less

s ≡ 0 ⇒ 〈̊s, p½̊ ½̊〉̊∈less

⇒ 〈̊0½̊, p½̊½̊〉̊∈ less

s ≡ 0½̊ ⇒ 〈̊s, p½̊½̊〉̊∈less

s ≡ 0 ⋄ s ≡ 0½̊ ⇒ 〈̊s, p½̊½̊〉̊∈less

p analogous ⋄-introdu
tions
s ≡ 0 ⋄ · · · ⋄ s ≡ p ⇒ 〈̊s, p½̊ ½̊〉̊∈ less

♣

〈̊s, p½̊〉̊∈ less ⇒ 〈̊s, p½̊ ½̊〉̊∈less qedProposition 2.24. For all natural numbers n, sequents a

ording to thefollowing s
hemata are L
i
Dl-dedu
ible.

s∈B
∗ ⇒ 〈̊s, 0〉̊∈ less ⋄ s ≡ 0 ⋄ 〈̊0, s〉̊∈ less(2.24i)

〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less ⇒(2.24ii)
〈̊s, n½̊ 〉̊∈ less ⋄ s ≡ n½̊ ⋄ 〈̊n½̊, s〉̊∈ less

s∈B
∗ ⇒ 〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less(2.24iii)Proof. Re 2.24i. Employ 2.23i:

⇒ 0 ≡ 0
==========================
⇒ 〈̊0, 0〉̊∈ less ⋄ 0 ≡ 0 ⋄̊ 〈0, 0〉̊∈ less

a∈B
∗ ⇒ 〈̊0, a½̊〉̊∈less

================================
a∈B

∗ ⇒ 〈̊a½̊, 0〉̊∈ less ⋄ a½̊ ≡ 0 ⋄̊ 〈0, a½̊〉̊∈ less

.
s∈B

∗ ⇒ 〈̊s, 0〉̊∈less ⋄ s ≡ 0 ⋄ 〈̊0, s〉̊∈lessRe 2.24ii. By 2.23vii
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less

===================================== ,
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s = n½̊ ⋄ 〈̊n½̊, s〉̊∈ lessand by 2.23iv

s ≡ n ⇒ 〈̊s, n½̊ 〉̊∈ less
===================================== .
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s = n½̊ ⋄ 〈̊n½̊, s〉̊∈ lessand by 2.23iii

〈̊n, s〉̊∈ less ⇒ n½̊ ≡ s ⋄ 〈̊n½̊, s〉̊∈ less
===================================== .
〈̊s, n〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s = n½̊ ⋄ 〈̊n½̊, s〉̊∈ lessTogether:

〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less ⇒ 〈̊s, n½̊ 〉̊∈ less ⋄ s ≡ n½̊ ⋄ 〈̊n½̊, s〉̊∈ less



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 119Re 2.24iii. Employing 2.24i and 2.24ii for a metatheoreti
al indu
tiongives
s∈B

∗ ⇒ 〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ lessfor all natural numbers n. qedCorollary 2.25. Inferen
es a

ording to the following s
hema are L
i
Dl-derivable

〈̊s, n〉̊∈ less ⋄ s ≡ n ⋄ 〈̊n, s〉̊∈ less , Γ ⇒ C

s∈B
∗, Γ ⇒ CProposition 2.26. If m is a natural number, ~n a p-tuple of naturalnumbers and C :≡ 〈̊̊〈∗1, ∗2〉̊, 0〉̊∈s �

∧
z (̊〈z, ∗2〉̊∈ less → 〈̊̊〈∗1, z〉̊, 0〉̊ /∈s), thensequents a

ording to the following s
hemata are L

i
Dl-dedu
ible.

〈̊̊〈~n , m〉̊, 0〉̊∈s, m ≡ 0 ⇒ C[~n, m](2.26i)
〈̊̊〈~n , c〉̊, 0〉̊∈s,̊ 〈c, k½̊ 〉̊∈ less ⇒ 〈̊̊〈~n , 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n , k〉̊, 0〉̊∈s(2.26ii)
〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less , C[~n, m] ⇒(2.26iii)Proof. Re 2.26i. Employ 2.23v:

〈̊̊〈~n, m〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, m〉̊, 0〉̊∈s

〈̊a,0〉̊∈ less ⇒

m ≡ 0,̊ 〈a, m〉̊∈less ⇒

m ≡ 0,̊ 〈a, m〉̊∈less ⇒ 〈̊̊〈~n, a〉̊,0〉̊ /∈s)

m ≡ 0 ⇒ 〈̊a,m〉̊∈less → 〈̊̊〈~n, a〉̊,0〉̊ /∈s)

m ≡ 0 ⇒
V

z1 (̊〈z1, m〉̊∈less → 〈̊̊〈~n, z1 〉̊, 0〉̊ /∈s)
.

〈̊̊〈~n, m〉̊,0〉̊∈s, m ≡ 0 ⇒ 〈̊̊〈~n, m〉̊, 0〉̊∈s �

V

z1 (̊〈z1, m〉̊∈less → 〈̊̊〈~n, z1 〉̊,0〉̊ /∈s)Re 2.26ii. Let A stand for c ≡ 0 ⋄ . . . ⋄ c ≡ k, k ≥ 1. Employ 2.23vi:
〈̊c, k½̊〉̊∈ less ⇒ A

c ≡ 0,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s c ≡ 0½̊ ,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0½̊〉̊, 0〉̊∈s

c ≡ 0 ⋄ c ≡ 0½̊ ,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n, k〉̊, 0〉̊∈s

k − 1 analogous ⋄-introdu
tions left
A,̊ 〈̊〈~n, c〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n, k〉̊, 0〉̊∈s

♣ .
〈̊̊〈~n, c〉̊, 0〉̊∈s,̊ 〈c, k½̊〉̊∈ less ⇒ 〈̊̊〈~n, 0〉̊, 0〉̊∈s ⋄ · · · ⋄ 〈̊̊〈~n, k〉̊, 0〉̊∈s



120 uwe petersenRe 2.26iii.
〈̊m, c〉̊∈ less ⇒ 〈̊m, c〉̊∈ less

〈̊̊〈~n , m〉̊, 0〉̊∈s ⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈s

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈̊〈~n , m〉̊, 0〉̊ /∈s ⇒

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less ,̊ 〈m, c〉̊∈ less → 〈̊̊〈~n , m〉̊, 0〉̊ /∈s ⇒

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less ,
∧

z (̊〈z, c〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈s) ⇒

〈̊̊〈~n, m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less ,̊ 〈̊〈~n, m〉̊,0〉̊∈s,
V

z (̊〈z, c〉̊∈ less → 〈̊̊〈~n, z〉̊, 0〉̊ /∈s) ⇒

〈̊̊〈~n , m〉̊, 0〉̊∈s,̊ 〈m, c〉̊∈ less , C[~n, m] ⇒ qedDefinition 2.27.
min[s] :≡ lxy(y∈B

∗
�̊ 〈̊〈~x, y〉̊, 0〉̊∈s �

∧
z (̊〈z, y〉̊∈ less → 〈̊̊〈~x, z〉̊, 0〉̊ /∈s)) .Proposition 2.28. If the fun
tion g(~x , y) is numeralwise represented in

L
i
Dl by the term g, and the fun
tion f(~x) = µy (g(~x , y) = 0) obtainedfrom g by µ-re
ursion is total, then f is numeralwise represented in L

i
Dlby min[g].Proof. If g(~n , m) = 0 and f(~n) = m, i.e., µy (g(~n , y) = 0) = m, then bythe assumption that g is numeralwise represented in L

i
Dl by g, we havethat

⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈g, and(2.28i)
⇒

∧
x (̊〈̊〈~n , m〉̊, x〉̊∈g → x ≡ 0)(2.28ii)

〈̊̊〈~n , i〉̊, 0〉̊∈g ⇒ if for all i < m(2.28iii)are L
i
Dl-dedu
ible. In addition, 2.28iii yields:

〈̊̊〈~n , 0〉̊, 0〉̊∈g ⋄ · · · ⋄ 〈̊̊〈~n , k〉̊, 0〉̊∈g ⇒(2.28iv)for k′ = m by su

essive ⋄-introdu
tion. (There is no i < m for m = 0.)Now, what has to be shown for the numeralwise representability ofminimization is that
⇒ 〈̊~n, m〉̊∈min [g], and
⇒

∧
x (̊〈~n, x〉̊∈min[g] → x ≡ m) .are L

i
Dl-dedu
ible. First of all, 
utting 2.28i with 2.26i yields

m ≡ 0 ⇒
∧

z1 (̊〈z1, m〉̊∈ less → 〈̊̊〈~n , z1〉̊, 0〉̊ /∈s) , and
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utting 2.26ii and 2.28iv gives way to the following dedu
tion:
〈̊̊〈~n , c〉̊, 0〉̊∈g,̊ 〈c, k½̊ 〉̊∈ less ⇒

〈̊c, k½̊ 〉̊∈ less ⇒ 〈̊̊〈~n , c〉̊, 0〉̊ /∈g

〈̊c, m〉̊∈ less , m ≡ k½̊ ⇒ 〈̊̊〈~n , c〉̊, 0〉̊ /∈g

m ≡ k½̊ ⇒ 〈̊c, m〉̊∈ less → 〈̊̊〈~n , c〉̊, 0〉̊ /∈g

m ≡ k½̊ ⇒ ∧
z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g)This yields

m ≡ 0 ⇒ 〈̊~n, m〉̊∈min [g] , and
m ≡ k½̊ ⇒ 〈̊~n , m〉̊∈min [g]in the following way (where Γ is m ≡ 0, m ≡ k½̊, resp.), employing 2.28i:
⇒ m∈B

∗

⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈g Γ ⇒
∧

z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g)

Γ ⇒ 〈̊̊〈~n , m〉̊, 0〉̊∈g �

∧
z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g)

===================================================
Γ ⇒ m∈B

∗
�̊ 〈̊〈~n , m〉̊, 0〉̊∈g �

∧
z (̊〈z, m〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈g))

=========================================================
Γ ⇒ 〈̊~n, m〉̊∈l~xy(y∈B

∗
�̊ 〈̊〈~x , y〉̊, 0〉̊∈g �

∧
z (̊〈z, y〉̊∈ less → 〈̊̊〈~x , z〉̊, 0〉̊ /∈g))Cutting 2.26ii and 2.28iv gives way to the following dedu
tion, where Cis the nominal form 〈̊̊〈~n, ∗1〉̊, 0〉̊∈g :

〈̊̊〈~n , c〉̊, 0〉̊∈g,̊ 〈c, k½̊〉̊∈ less ⇒ C[0] ⋄ · · · ⋄ C[k] C[0] ⋄ · · · ⋄ C[k] ⇒
=================================================== ♣

〈̊̊〈~n , c〉̊, 0〉̊∈g,̊ 〈c, k½̊ 〉̊∈ less ⇒
====================================================
m∈B

∗,̊ 〈̊〈~n , c〉̊, 0〉̊∈g,
∧

z (̊〈z, c〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈s),̊ 〈c, k½̊ 〉̊∈ less ⇒
======================================================
m∈B

∗
�̊ 〈̊〈~n , c〉̊, 0〉̊∈g �

∧
z (̊〈z, c〉̊∈ less → 〈̊̊〈~n , z〉̊, 0〉̊ /∈s),̊ 〈c, k½̊ 〉̊∈ less ⇒

〈̊~n, c〉̊∈min[g],̊ 〈c, k½̊ 〉̊∈ less ⇒Sin
e̊
〈~n, c〉̊∈min [g],̊ 〈c, 0〉̊∈ less ⇒holds almost trivially as a 
onsequen
e of
〈̊c, 0〉̊∈ less ⇒ (2.23v) ,and m is either 0 or k′ for some natural number k, we have that
〈̊~n, c〉̊∈min [g],̊ 〈c, m〉̊∈ less ⇒is L

i
Dl-dedu
ible.
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〈̊~n, c〉̊∈min [g],̊ 〈m, c〉̊∈ less ⇒ .whi
h is readily obtained from 2.28ii and 2.26iii by means of a 
ut.This now yields the se
ond 
ondition of numeralwise representabilityof minimization in the following way:

c ≡ m ⇒ c ≡ m

〈̊~n, c〉̊∈min[g],̊ 〈c, m〉̊∈less ⇒ 〈̊~n, c〉̊∈min[g],̊ 〈m, c〉̊∈less ⇒

〈̊~n, c〉̊∈min[g],̊ 〈c, m〉̊∈less ⋄ 〈̊m, c〉̊∈less ⇒

〈̊~n, c〉̊∈min[g],̊ 〈c, m〉̊∈less ⋄ 〈̊m, c〉̊∈less ⋄ c ≡ m ⇒ c ≡ m 2.25
〈̊~n, c〉̊∈min[g] ⇒ c ≡ m

⇒ 〈̊~n, c〉̊∈min[g] → c ≡ m
.

⇒
V

x (̊〈~n, x〉̊∈min[g] → x ≡ m) qedTheorem 2.29. The re
ursive fun
tions are numeralwise representable in
L
i
Dl.Proof. As for result 45.46 in [15℄, p. 573, this is an immediate 
onsequen
eof the numeralwise representability of addition, multipli
ation, the iden-tity fun
tions, the 
hara
teristi
 fun
tion of equality, 
omposition, andminimization. qedTheorem 2.30. L

i
Dl is essentially unde
idable.Proof. As for any 
onsistent theory whi
h allows numeralwise represent-ability of all re
ursive fun
tions.10 qedRemark 2.31. In view of the 
ut eliminability in L

i
Dl, the foregoing tworesults extend to LPl.3. Addition 130f. Fixed points and denotational devi
esDe�nite des
ription 
an only be established in a somewhat redu
ed formin L

i
Dl, the reason being a 
ontra
tion that sneaks into the proof ofproposition 41.17 in [15℄, p. 470. Could this 
ontra
tion possibly do harm?In the present se
tion I shall show that it a
tually does.

10 Cf. theorem 48.27 in [15℄, p. 612, for the paradigm of proof.
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ationthat denotation is not quite as straightforward a business as was thoughtin the early days of modern logi
. The following appli
ation of the �xedpoint property to establish the in
ompatibility of inde�nite des
ription(ε-operator) with L
i
Dl may well be seen as 
ontributing to this view.Proposition 3.1. L
i
Dl ∪ {

∨
x F[x] ⇒ F[εx F[x]]} ⊢ ⊥Proof. Take the �xed point φ = εx (φ 6= x) and 
onsider the followingdedu
tion:

∨
x (φ 6= x) ⇒ φ 6= εx (φ 6= x)

⇒ φ = εx (φ 6= x)

φ 6= εx (φ 6= x) ⇒
♣∨

x (φ 6= x) ⇒

φ 6= 0 ⇒

φ = 1, 1 6= 0 ⇒

φ = 1 ⇒

⇒ φ 6= 1

as on the left
·
·
·∨

x (φ 6= x) ⇒

φ 6= 1 ⇒
♣

⇒ qedRemark 3.2. Noti
e that there is no 
ontra
tion involved in this dedu
-tion. They are hiding in the ε-initial sequent.11That the ε-operator is not 
ompatible with L
i
Dl may not surprisepeople who �nd the ε-operator outrageous anyway; so I shall show thatthe least number operator doesn't fare any better.First of all: the formulation of the least number operator has to berestri
ted to natural numbers. But in view of the fa
t that only 0 and

1 are employed in the proof above, this is little more than a formality.The de�nition of the natural numbers provided in 41.60 on p. 487 of [15℄would a
tually do, sin
e even without 
ontra
tion it still yields 0 and 1as natural numbers.Proposition 3.3. L
i
Dl ∪ {

∨
Nx F[x] ⇒ F[µx F[x]]} ⊢ ⊥ .

11 This has been used as a 
onvenient way of �proving� that abandoning 
ontra
-tion is no safeguard against the paradoxes.



124 uwe petersenProof. Take the �xed point φ = µx (φ 6= x) and 
onsider the followingdedu
tion:
⇒ 0∈N

∨
Nx (φ 6= x) ⇒ φ 6= µx (φ 6= x)

⇒ φ = µx (φ 6= x)

φ 6= µx (φ 6= x) ⇒
♣∨

Nx (φ 6= x) ⇒

0∈N � φ 6= 0 ⇒

0∈N, φ 6= 0 ⇒
♣

φ 6= 0 ⇒

φ = 1, 1 6= 0 ⇒

φ = 1 ⇒

⇒ φ 6= 1

⇒ 1∈N

as on the left
·
·
·∨

Nx (φ 6= x) ⇒

1∈N � φ 6= 1 ⇒

1∈N, φ 6= 1 ⇒
♣

φ 6= 1 ⇒
♣

⇒ qedStill, someone who obje
ts to the least number operator on the basisof the non-�nite 
hara
ter of the least number prin
iple12 might not �ndthat too surprising. So I shall go one step further and show that evenwithout the least number prin
iple one obtains a 
ontradi
tion.Proposition 3.4.
L
i
Dl ∪ {

∨
Nx (F[x] �

∧
Ny (y < x → ¬F[y])) ⇒ F[µx F[x]]} ⊢ ⊥ .Proof. Take again the �xed point φ = µx (φ 6= x) and 
onsider the fol-lowing variation of the by now familiar dedu
tion whi
h yields ∨

Nx (φ 6=
x �

∧
Ny (y < x → ¬(φ 6= y)))) ⇒ instead of ∨

Nx (φ 6= x) ⇒ and 
ontinueas follows:
⇒ 0∈N

b∈N, b < 0 ⇒ ¬(φ 6= b)

b∈N ⇒ b < 0 → ¬(φ 6= b)

⇒
V

Ny (y < 0 → ¬(φ 6= y))

W

Nx (φ 6= x �

V

Ny (y < x → ¬(φ 6= y)))) ⇒

0∈N � φ 6= 0 �

V

Ny (y < 0 → ¬(φ 6= y)))) ⇒
==================================
0∈N, φ 6= 0,

V

Ny (y < 0 → ¬(φ 6= y)))) ⇒
♣

0∈N, φ 6= 0 ⇒
♣

φ 6= 0 ⇒

12 Cf. proposition 46.20 in [15℄ for the least number prin
iple in �rst order arith-meti
. As regards the non-�nite 
hara
ter of the least number prin
iple, 
f. Bernays inquotation 80.6 in the [15℄.
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an now be employed to yield ⇒ φ 6= 1 as usual, but also toprove ∧
Ny (y < 1 → ¬(φ 6= y)))) as follows:

b∈N, b < 1 ⇒ b = 0

φ 6= 0 ⇒

b = 0, φ 6= b ⇒
♣

b∈N, b < 1, φ 6= b ⇒

b∈N, b < 1 ⇒ φ 6= b

b∈N ⇒ b < 1 → φ 6= b

⇒
∧

Ny (y < 1 → ¬(φ 6= y))Continue as above, only with 1 instead of 0:
⇒ 1∈N

⇒
V

Ny (y < 1 → ¬(φ 6= y))

W

Nx (φ 6= x �

V

Ny (y < x → ¬(φ 6= y))) ⇒

1∈N � φ 6= 1 �

V

Ny (y < 1 → ¬(φ 6= y)) ⇒
=================================
1∈N, φ 6= 1,

V

Ny (y < 1 → ¬(φ 6= y)))) ⇒
♣

1∈N, φ 6= 1 ⇒
♣

φ 6= 1 ⇒ qedThis result 
an be extended to the ι-operator with the usual initialsequent. The point is that the least number operator is just a spe
ial formof de�nite des
ription and the least number prin
iple and the only naturalnumbers a
tually employed are 0 and 1.Convention 3.5.
C[s] :≡ s ∈̊{0, 1}̊� F[s] �

∧
y (y ∈̊{0, 1}̊� y < s → ¬F[y]) .Proposition 3.6. If C[s] is a

ording to 
onvention 3.5, then sequentsa

ording to the following s
hemata are L

i
Dl-dedu
ible.

a ≡ 0, b ≡ 0 ⇒ a = b(3.6i)
a ≡ 1, b ≡ 1 ⇒ a = b(3.6ii)
a ≡ 0, b ≡ 1, F[a],

∧
y (y ∈̊{0, 1}̊� y < b → ¬F[y]) ⇒ a = b(3.6iii)

a ≡ 1, b ≡ 0, F[b],
∧

y (y ∈̊{0, 1}̊� y < a → ¬F[y]) ⇒ a = b(3.6iv)
C[a], C[b] ⇒ a = b(3.6v)
∨

x C[x] ⇒
∨

x (C[x] ∧
∧

y (C[y] → x = y))(3.6vi)
∨

x C[x] ⇒
∨

x C[x] �

∧
x

∧
y (C[x] � C[y] → x = y)(3.6vii)



126 uwe petersenProof. Re 3.6i and ii. Trivial.Re 3.6iii
⇒ 0 ∈̊{0, 1}̊ ⇒ 0 < 1

⇒ 0 ∈̊{0, 1}̊� 0 < 1
========================
a ≡ 0, b ≡ 1 ⇒ a ∈̊{0, 1}̊� a < b

F[a] ⇒ F[a]

F[a],¬F[a] ⇒

F[a],¬F[a] ⇒ a = b

a ≡ 0, b ≡ 1, F[a], a ∈̊{0, 1}̊� a < b → ¬F[a] ⇒ a = b

a ≡ 0, b ≡ 1, F[a],
∧

y (y ∈̊{0, 1}̊� y < b → ¬F[y]) ⇒ a = bRe 3.6iv. As for 3.6iii; left to the reader.Re 3.6v. This is straightforward 
onsequen
e of 3.6i�3.6iv.Re 3.6vi. Employ 3.6v:
C[a] ⇒ C[a]

C[a], C[b] ⇒ a = b

C[a] ⇒ C[b] → a = b

C[a] ⇒
∧

y (C[y] → a = y)

C[a] ⇒ C[a] ∧
∧

y (C[y] → a = y)

C[a] ⇒
∨

x (C[x] ∧
∧

y (C[y] → x = y))
=================================∨

x C[x] ⇒
∨

x (C[x] ∧
∧

y (C[y] → x = y))Re 3.6vii. Straightforward in view of 3.6v; left to the reader. qedTheorem 3.7.
L
i
Dl ∪ {

∨
x (F[x] ∧

∧
y (F[y] → x = y)) ⇒ F[ιx F[x]]} ⊢ ⊥(3.7i)

L
i
Dl ∪ {

∨
xF[x],

∧
z1

∧
z2 (F[z1] � F[z2] → z1 = z2)(3.7ii)

⇒ F[ιx F[x]]} ⊢ ⊥Proof. The point is, of 
ourse, to �nd an appropriate F. That's what
onvention 3.5 has been designed for. In view of 3.6vi and 3.6vii, both,3.7i and 3.7ii, essentially redu
e to a form of 3.1, only with ι instead of ε:
∨

x F[x] ⇒ F[ιx F[x]] ,where F :≡ ∗1 ∈̊{0, 1}̊� φ 6= ∗1 �

∧
y (y ∈̊{0, 1}̊� y < ∗1 → ¬(φ 6= ∗1)) with

φ being the �xed point satisfying φ = ιxF[x]. Sin
e F[ιxF[x]] ⇒ φ 6= ιxF[x]is straightforward, one obtains
∨

x (x ∈̊{0, 1}̊� φ 6= x �

∧
y (y ∈̊{0, 1}̊� y < x → ¬(φ 6= x)) ⇒ φ 6= ιx F[x] .
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edure is essentially as for 3.4; the �xed point propertyprovides φ 6= ιx F[x] ⇒ and with some inversions of ∨ and � in theante
edent this gives:
0 ∈̊{0, 1}̊, φ 6= 0,

∧
y (y ∈̊{0, 1}̊� y < 0 → ¬(φ 6= 0)) ⇒ .As before, one gets φ 6= 0 ⇒ and thereby φ 6= 1 ⇒ whi
h, in turn, yields

⇒
∧

y (y ∈̊{0, 1}̊� y < 1 → ¬(φ 6= 1))as in the proof of 3.4; together with ⇒ 1 ∈̊{0, 1}̊ and
1 ∈̊{0, 1}̊, φ 6= 1,

∧
y (y ∈̊{0, 1}̊� y < 1 → ¬(φ 6= 1)) ⇒one obtains φ 6= 1 ⇒ by 
ut, hen
e a 
ontradi
tion. qed4. Addition 135g: An interpretation of lb in L

i
D

ZlThe availability of a notion of weak impli
ation a

ounts for the pos-sibility of expressing an arbitrary number of simple substitutions, i.e.,of substitutions a
hieved on the basis of s = t. This, in turn, makes itpossibile to interpret lb in L
i
D

Zl .Definitions 4.1. (1) s ∈̃t :≡
∧

y (s = y ⊃ y∈t) .(2) l†xy F[x, y] :≡ lz ∧
x1

∧
y (z = 〈x1, y〉 ⊃ x1 ∈lx F[x, y]) .(3) LD-translation of l-terms and w�s.

A[‖x‖LD] :≡





A[a] i� x is not bound in A, and a is the�rst in the list of free variables thatdoes not o

ur in A

A[x] otherwise(3.1)
‖lx.A‖LD :≡ l†xy (y = ‖A‖LD)(3.2)
‖AB‖LD :≡ lx∧

y (〈‖B‖LD, y〉 ∈̃‖A‖LD → x∈y)(3.3)
‖A = B‖LD :≡ ‖A‖LD = ‖B‖LD(3.4)where y does not o

ur in A in 
lause (3.2), and neither x nor y o

ursin AB in 
lause (3.3).Convention 4.2. For the sake of simpli
ity, I shall write ‖A‖ instead of

‖A‖LD for the remainder of this se
tion.



128 uwe petersenExamples 4.3. The following examples are meant to give an idea of howl-terms look under the LD-translation.(1) ‖lx.x‖ ≡ lz ∧
x1

∧
y (z = 〈x1, y〉 ⊃ x1∈l(y = x)) .(2) ‖lxy.x‖ ≡ lz1

∧
x1

∧
y1 (z1 = 〈x1, y1〉 ⊃

x1∈l(y1 = lz2 (
∧

x2

∧
y2 (z2 = 〈x2, y2〉 ⊃ x2 ∈l(y2 = x)))) .(3) ‖lxy.xyy‖ ≡ l†xz1 (z1 = l†yz2 (z2 =lx1

∧
y1 (〈y, y1〉 ∈̃lx2

∧
y2 (〈y, y2〉 ∈̃x2 → x2∈y2)) → x1∈y1)) .Proposition 4.4. Inferen
es a

ording to the following s
hemata are

L
i
Dl-derivable.(4.4i) Γ ⇒ F[‖x‖]

Γ ⇒
∧

x F[x]if ‖x‖ does not o

ur in the lower sequent.(4.4ii) F[‖A‖], Γ ⇒ C
∧

x F[x], Γ ⇒ CProof. Re 4.4i. This is a straightforward 
onsequen
e of 
lause (3.1) ofde�nition 4.1.Re 4.4ii. This is obvious in view of the fa
t that ‖A‖ is a term in thelanguage of L
i
Dl. qedProposition 4.5. If the bound variable x does not o

ur in F, then

‖B‖∈lx F[x, ‖A1‖, . . . , ‖An‖] ⇔ F[‖B‖, ‖A1[x/B]‖, . . . , ‖An[x/B]‖] .is L
i
Dl-dedu
ible.Proof. Employ an indu
tion on the sum of the lengths of the Ai, where

i ∈ {1, . . . , n}. To save spa
e, I 
on�ne myself to n = 1. Distinguish 
asesa

ording to the 
lauses of de�nition 42.11 in [15℄, p. 502.1. A ≡ x, i.e., what has to be shown is
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖x‖] ⇔ F[‖B‖, ‖x[x/B]‖] .By de�nition 4.1 (3.1) and 42.11 (1) in [15℄, this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, x] ⇔ F[‖B‖, ‖B‖] ,whi
h is a straightforward appli
ation of l-abstra
tion.
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L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖y‖] ⇔ F[‖B‖, ‖y[x/B]‖] .By de�nition 4.1 (3.1) and 42.11 (2) in [15℄, this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖y‖] ⇔ F[‖B‖, ‖y‖] ,whi
h is a straightforward appli
ation of l-abstra
tion.3. A ≡ (C1C2), i.e., what has to be shown is
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(C1C2)‖] ⇔ F[‖B‖, ‖(C1C2)[x/B]‖] .By de�nition 42.11 (3) in [15℄, this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(C1C2)‖] ⇔ F[‖B‖, ‖(C1[x/B]C2[x/B])‖] ,whi
h, by de�nition 4.1 (3.3), amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, lx1

∧
y1 (〈‖C2‖, y1〉 ∈̃‖C1‖ → x1∈y1)] ⇔

F[‖B‖, lx1

∧
y1 (〈‖C2[x/B]‖, y1〉 ∈̃‖C1[x/B]‖) → x1∈y1)] ,whi
h, in turn, follows by the indu
tion hypothesis.4. A ≡ (lx.C). What has to be shown is

L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(lx.C)‖] ⇔ F[‖B‖, ‖(lx.C)[x/B]‖] .By de�nition 42.11 (4), this amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(lx.C)‖] ⇔ F[‖B‖, ‖(lx.C)‖] ,whi
h is an immediate 
onsequen
e of l-abstra
tion.5. A ≡ (ly.C) and x 6≡ y. What has to be shown is
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(ly.C)‖] ⇔ F[‖B‖, ‖(ly.C)[x/B]‖] .Distinguish 
ases a

ording to de�nition 42.11 in [15℄, 
lauses (5) and (6).5.1. y /∈ FV (B) or y /∈ FV (C). By de�nition 42.11 (5) in [15℄, what hasto be shown redu
es to
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(ly.C)‖] ⇔ F[‖B‖, ‖ly.C[x/B]‖] .whi
h, by de�nition 4.1 (3.2) amounts to showing
L
i
D

Zl ⊢ ‖B‖∈lx F[x, l†yz (z = ‖C‖)] ⇔ F[‖B‖, l†yz (z = ‖C[x/B]‖)] ,whi
h, in turn, follows by the indu
tions hypothesis.



130 uwe petersen5.2. y ∈ FV (B) and y ∈ FV (C). By de�nition 42.11 (6), what has to beshown redu
es to
L
i
D

Zl ⊢ ‖B‖∈lx F[x, ‖(ly.C)‖] ⇔ F[‖B‖, ‖lz.C[y/z][x/B]‖]whi
h, by de�nition 4.1 (3.4) 
an be redu
ed to
L
i
D

Zl ⊢ ‖B‖∈lxF[x, l†yz (z = ‖C‖)]⇔ F[‖B‖, l†zy1(y1 = ‖C[y/z][x/B]‖)]whi
h, in turn, follows by the indu
tions hypothesis. qedProposition 4.6. Inferen
es a

ording to the following s
hemata are
L
i
Dl-derivable.(4.6i) 〈‖B2‖, y〉 ∈̃‖A2‖, Γ ⇒ 〈‖B1‖, y〉 ∈̃‖A1‖

Γ ⇒ ‖A1B1‖ = ‖A2B2‖where y is a free variable in the upper sequent, whi
h does not o

ur inthe lower sequent.(4.6ii) Γ ⇒ ‖B‖ = ‖A‖

〈‖A‖, s〉 ∈̃t, Γ ⇒ 〈‖B‖, s〉 ∈̃t(4.6iii) Γ ⇒ ‖A[x/x1]‖ = ‖B[x/x1]‖

Γ ⇒ ‖lx.A‖ = ‖lx.B‖where x1 /∈ FV (A) and x1 /∈ FV (B).Proof. Re 4.6i.
〈‖B2‖, b〉 ∈̃‖A2‖, Γ ⇒ 〈‖B1‖, b〉 ∈̃‖A1‖ a∈b ⇒ a∈b

〈‖B1‖, b〉 ∈̃‖A1‖ → a∈b, 〈‖B2‖, b〉 ∈̃‖A2‖, Γ ⇒ a∈b

〈‖B1‖, b〉 ∈̃‖A1‖ → a∈b, Γ ⇒ 〈‖B2‖, b〉 ∈̃‖A2‖ → a∈b
==================================================∧

y (〈‖B1‖, y〉 ∈̃‖A1‖ → a∈y), Γ ⇒
∧

y (〈‖B2‖, y〉 ∈̃‖A2‖ → a∈y)
=========================================================
a∈lx∧

y(〈‖B1‖, y〉 ∈̃‖A1‖→x∈y), Γ ⇒ a∈lx∧
y (〈‖B2‖, y〉 ∈̃‖A2‖→x∈y)

Γ ⇒ a∈‖A1B1‖ → a∈‖A2B2‖
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Γ ⇒ a∈‖A1B1‖ → a∈‖A2B2‖ Γ ⇒ a∈‖A2B2‖ → a∈‖A1B1‖

Γ ⇒ a∈‖A1B1‖ ↔ a∈‖A2B2‖

Γ ⇒
∧

x (x∈‖A1B1‖ ↔ x∈‖A2B2‖)Re 4.6ii. This is the point where the strength of Z-inferen
es is needed,and that in the inferen
e marked by † whi
h is a

ording to 135.20vii in[15℄, p. 1847.
Γ ⇒ ‖B‖ = ‖A‖

Γ ⇒ 〈‖B‖, s〉 = 〈‖A‖, s〉

〈‖B‖, s〉 = b, Γ ⇒ 〈‖A‖, s〉 = b b∈t ⇒ b∈t
†

〈‖A‖, s〉 = b ⊃ b∈t, Γ ⇒ 〈‖B‖, s〉 = b ⊃ b∈t
∧

y (〈‖A‖, s〉 = y ⊃ y∈t), Γ ⇒ 〈‖B‖, s〉 = b ⊃ b∈t
∧

y (〈‖A‖, s〉 = y ⊃ y∈t), Γ ⇒
∧

y (〈‖B‖, s〉 = y ⊃ y∈t)
============================================

〈‖A‖, s〉 ∈̃t, Γ ⇒ 〈‖B‖, s〉 ∈̃tRe 4.6iii.
c = 〈‖x1‖, b〉 ⇒ c = 〈‖x1‖, b〉

Γ ⇒ ‖A[x/x1]‖ = ‖B[x/x1]‖

b = ‖A[x/x1]‖, Γ ⇒ b = ‖B[x/x1]‖
================================== 4.5

‖x1‖∈lx (b = ‖A‖), Γ ⇒‖x1‖∈lx (b = ‖B‖)

c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx (b = ‖A‖) ⇒ c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx (b = ‖B‖)
============================================================
V

x1

V

y(c = 〈x1, y〉 ⊃ x1∈lx(y = ‖A‖)) ⇒ c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx(b = ‖B‖)

c∈‖lx.A‖, Γ ⇒ c = 〈‖x1‖, b〉 ⊃ ‖x1‖∈lx (b = ‖B‖)
=============================================
c∈‖lx.A‖, Γ ⇒

V

x1

V

y(c = 〈x1, y〉 ⊃ x1∈lx (y = ‖B‖))

c∈‖lx.A‖, Γ ⇒ c∈‖lx.B‖

Γ ⇒ c∈‖lx.A‖ → c∈‖lx.B‖Continue as for 4.6i. qedProposition 4.7. If y1 /∈ FV (B) and no variable bound in A is free in
B, then there exists a natural number n su
h that

L
i
Dl ⊢ n[‖B‖ = ‖y1‖] ⇒ ‖A[x/B]‖ = ‖A[x/y1]‖ .
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tion on the length of A. Distinguish 
ases a

ording tothe form of A. With the ex
eption of the 
ase that A ≡ (C1C2), there ishardly any 
hange to the proof of proposition 4.7 in the tools, so I shallonly treat that 
ase.
A ≡ (C1C2). As an immediate 
onsequen
e of the indu
tion hypothesisand proposition 4.6ii there is a natural number n1 su
h that

n1[‖B‖ = ‖y1‖] ⇒ ‖C2[x/B]‖ = ‖C2[x/y1]‖

〈‖C2[x/y1]‖, b〉 ∈̃‖C1[x/y1]‖, n1[‖B‖ = ‖y1‖] ⇒ 〈‖C2[x/B]‖, b〉 ∈̃‖C1[x/y1]‖is L
i
D

Zl -dedu
ible. By the indu
tion hypothesis there is also a naturalnumber n2 su
h that
L
i
Dl ⊢ n2[‖B‖ = ‖y1‖] ⇒ ‖C1[x/y1]‖ = ‖C1[x/B]‖ .This makes it possible to 
ontinue as follows, employing 4.6i:

〈‖C2[x/y1]‖, b〉 ∈̃‖C1[x/y1]‖, n1 + n2[‖B‖ = ‖y1‖] ⇒ 〈‖C2[x/B]‖, b〉 ∈̃‖C1[x/B]‖

n1 + n2[‖B‖ = ‖y1‖] ⇒ ‖C1[x/B]C2[x/B]‖ = ‖C1[x/y1]C2[x/y1]‖By de�nition 42.11 (3) in [15℄, this is
n1 + n2[‖B‖ = ‖y1‖] ⇒ ‖(C1C2)[x/B]‖ = ‖(C1C2)[x/y1]‖ . qedProposition 4.8. Sequents a

ording to the following s
hemata are

L
i
D

Zl -dedu
ible.
〈‖B‖, b〉 ∈̃‖lx.A‖ ⇒ b = ‖A[x/B]‖(4.8i)
s = ‖A[x/B]‖ ⇒ 〈‖B‖, s〉 ∈̃‖lx.A‖(4.8ii)
⇒ 〈‖B‖, ‖A[x/B]‖〉 ∈̃‖lx.A‖(4.8iii)Proof. Re 4.8i.

⇒ 〈‖B‖, b〉 = 〈‖B‖, b〉

⇒ 〈‖B‖, b〉 = 〈‖B‖, b〉

b = ‖A[x/B]‖ ⇒ b = ‖A[x/B]‖

‖B‖∈lx (b = ‖A‖) ⇒ b = ‖A[x/B]‖

〈‖B‖, b〉 = 〈‖B‖, b〉 ⊃ ‖B‖∈lx (b = ‖A‖) ⇒ b = ‖A[x/B]‖
=================================================
V

x1

V

y(〈‖B‖, b〉= 〈x1, y〉 ⊃ x1∈lx(y = ‖A‖)) ⇒ b = ‖A[x/B]‖

〈‖B‖, b〉∈l†xy(y = ‖A‖))⇒ b = ‖A[x/B]‖

〈‖B‖, b〉 = 〈‖B‖, b〉 ⊃ 〈‖B‖, b〉∈l†xy (y = ‖A‖)) ⇒ b = ‖A[x/B]‖
V

y1 (y1 = 〈‖B‖, b〉 ⊃ y1 ∈l†xy (y = ‖A‖)) ⇒ b = ‖A[x/B]‖

〈‖B‖, b〉 ∈̃lz V

x1

V

y(z = 〈x1, y〉 ⊃ x1∈lx (y = ‖A‖))⇒ b = ‖A[x/B]‖
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essary requirements.
n[‖B‖ = ‖z‖] ⇒ ‖A[x/B]‖ = ‖A[x/z]‖

n[‖B‖ = ‖z‖], s = ‖A[x/B]‖ ⇒ s = ‖A[x/z]‖

n[‖B‖ = ‖z‖], s = b, s = ‖A[x/B]‖ ⇒ b = ‖A[x/z]‖

n[‖B‖ = ‖z‖], s = b, s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n[〈‖B‖, s〉 = 〈‖z‖, b〉], s = b, s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n[〈‖B‖, s〉 = 〈‖z‖, b〉], 〈‖B‖, s〉 = 〈‖z‖, b〉, s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n + 1[〈‖B‖, s〉 = a], n + 1[a = 〈‖z‖, b〉], s = ‖A[x/B]‖ ⇒ ‖z‖∈lx (b = ‖A‖)

n + 1[〈‖B‖, s〉 = a], s = ‖A[x/B]‖ ⇒ a = 〈‖z‖, b〉 ⊃ ‖z‖∈lx (b = ‖A‖)
=============================================================
n + 1[〈‖B‖, s〉 = a], s = ‖A[x/B]‖ ⇒

V

x1

V

y (a = 〈x1, y〉 ⊃ x1∈lx (y = ‖A‖)

n + 1[〈‖B‖, s〉 = a], s = ‖A[x/B]‖ ⇒ a∈l†xy (y = ‖A‖)

s = ‖A[x/B]‖ ⇒ a = 〈‖B‖, s〉 ⊃ a∈l†xy (y = ‖A‖)

s = ‖A[x/B]‖ ⇒
V

y1 (y1 = 〈‖B‖, s〉 ⊃ y1 ∈l†xy (y = ‖A‖))

s = ‖A[x/B]‖ ⇒ 〈‖B‖, s〉 ∈̃lz V

x1

V

y (z = 〈x1, y〉 ⊃ x1∈lx (y = ‖A‖))Re 4.8iii. This is an immediate 
onsequen
e of 4.8ii. qedRemark 4.9. 4.6iii, 4.8i and 4.8ii above are the points where the notionof weak impli
ation is really needed, more spe
i�
ally, a notion of weakimpli
ation that satis�es the following s
hemata
A, . . . , A, Γ ⇒ B

Γ ⇒ A ⊃ B
,

A, Γ ⇒ B

B ⊃ C, Γ ⇒ A ⊃ C
, and ⇒ A B, Γ ⇒ C

.
A ⊃ B, Γ ⇒ CThis 
on
ludes the listing of the relevant tools. I now begin with thetranslation of α-
onversion.Proposition 4.10. If y /∈ FV (A) , then

L
i
Dl ⊢ ⇒ ‖lx.A = ly.A[x/y]‖ .Proof. What has to be shown is

L
i
D

Zl ⊢ ⇒ ‖lx.A‖ = ‖ly.A[x/y]‖ .By proposition 4.6, it is su�
ient to show
L
i
D

Zl ⊢ ⇒ ‖A[x/x1]‖ = ‖A[x/y][y/x1]‖ ,
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h is obvious in view of proposition 42.14i in [15℄, p. 502, establish-ing that A[x/x1] and A[x/y][y/x1] are a
tually identi
al in the sense ofde�nition 42.11 in [15℄, if y /∈ FV (A) . qedI 
ontinue with the translation of b-
onversion.Proposition 4.11. Sequents a

ording to the following s
hemata are
L
i
D

Zl -dedu
ible.
s∈‖(lx.A)B‖ ⇒ s∈‖A[x/B]‖(4.11i)
s∈‖A[x/B]‖ ⇒ s∈‖(lx.A)B‖(4.11ii)
⇒ ‖(lx.A)B = A[x/B]‖(4.11iii)Proof. Re 4.11i. Employ 4.8iii.

⇒ 〈‖B‖, ‖A[x/B]‖〉 ∈̃‖lx.A‖ s∈‖A[x/B]‖ ⇒ s∈‖A[x/B]‖

〈‖B‖, ‖A[x/B]‖〉 ∈̃‖lx.A‖ → s∈‖A[x/B]‖ ⇒ s∈‖A[x/B]‖
∧

y (〈‖B‖, y〉 ∈̃‖lx.A‖ → s∈y) ⇒ s∈‖A[x/B]‖

s∈lx1

∧
y (〈‖B‖, y〉 ∈̃‖lx.A‖ → x1∈y) ⇒ s∈‖A[x/B]‖Re 4.11ii.

s∈‖A[x/B]‖ ⇒ s∈‖A[x/B]‖

s∈‖A[x/B]‖, b = ‖A[x/B]‖ ⇒ s∈b
4.8i

s∈‖A[x/B]‖, 〈‖B‖, b〉 ∈̃‖lx.A‖) ⇒ s∈b

s∈‖A[x/B]‖ ⇒ 〈‖B‖, b〉 ∈̃‖lx.A‖ → s∈b

s∈‖A[x/B]‖ ⇒
∧

y (〈‖B‖, y〉 ∈̃‖lx.A‖ → s∈y)

s∈‖A[x/B]‖ ⇒ s∈lx1

∧
y (〈‖B‖, y〉 ∈̃‖lx.A‖ → x1 ∈y)Re 4.11iii. This is a straightforward 
onsequen
e of 4.11i and ii.Re 4.11iv. This is a straightforward 
onsequen
e of 4.11iii in view of thede�nition 4.1 (3.4). qedProposition 4.12. Inferen
es a

ording to the following s
hemata are

L
i
Dl-derivable.(4.12i) ⇒ ‖A = B‖

⇒ ‖B = A‖
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⇒ ‖B = C‖(4.12iii) ⇒ ‖A = B‖

⇒ ‖CA = CB‖Proof. Re 4.12i and 4.12ii. These are immediate 
onsequen
es of the way
= is de�ned in L

i
Dl.Re 4.12iii. This is a 
onsequen
e of the in
lusive 
hara
ter built into thede�nition of ∈̃ .

⇒ ‖A‖ = ‖B‖
4.6ii

〈‖B‖, y〉 ∈̃‖C‖ ⇒ 〈‖A‖, y〉 ∈̃‖C‖
4.6i

⇒ ‖CA‖ = ‖CB‖ qedTheorem 4.13. If lb ⊢ A, then L
i
D

Zl ⊢ ⇒ ‖A‖.Proof. 4.12i-iii are the translations of (σ), (τ) and (µ), respe
tively. qedTheorem 4.14. Not every equation is lb-dedu
ible.Proof. This is an immediate 
onsequen
e of the foregoing theorem 4.13and the fa
t that ‖x = y‖, i.e., a = b, ist not an L
i
D

Zl -dedu
ible w�. qedDis
ussion. In view of the smooth interpretation of logi
 in illative
ombinatory logi
 provided in [11℄,13 the question will arise why is thetranslation provided here rather awkward in 
omparison? My answer isto draw attention to the notion of equality. The notion of equality in L
i
Dl(and, of 
ourse, L

i
D

Zl ) is provided by impli
ation, 
onjun
tion, general-ization (i.e., illative notions) and elementhood in the usual way:
s = t :≡

∧
x ((x∈s → x∈t) ∧ (x∈t → x∈s)) .This, however, does not agree too well with the introdu
tion of = asa primitive relation in l-
al
ulus and 
ombinatory logi
. Consider the

13 See, in parti
ular, p. 587.



136 uwe petersenfollowing situation:
CA

A → B B → A

A = B
(µ)

CA = CB
Eq

CBwhi
h has already been shown to be in
ompatible in remark 42.64 (2) in[15℄, p. 517.This doesn't seem to be too surprising if one 
onsiders the de�nitionof B ∈ A in [11℄, p. 587, as AB. The µ-inferen
e together with the Eq-inferen
e then reads:
A ∈ C A = B

B ∈ Cwhi
h just displays the 
hara
teristi
 feature of extensionality from a settheoreti
al perspe
tive.In other words, given the reading of equality in L
i
D

Zl , (µ) does a
tu-ally provide a form of weak extensionality as 
onsidered in [11℄, p. 594,whi
h has been shown to be in
ompatible with a formalized theory equiv-alent to BCKlb in U. [15℄, p. 517.This, however, is 
ompensated in the awkward de�nition of AB in theLD-translation as lx∧
y (〈B, y〉 ∈̃A → x∈y) by the somewhat �in
lusive�notion ∈̃ .Di�erently put: the system BCKlb from [11℄ be
omes trivial, if some-thing like

A → B B → A

A = Bis added as a basi
 rule of dedu
tion (i.e., the premisses not dependingon open assumptions).5. Addition 137f. An approa
h to extending L
i
D

Zl to a

o-modate nested double indu
tion and re
ursionThis addition is still more of a suggestion than a fully worked out ap-proa
h. The reason that it is in
luded here is that it gives the idea of howI want to extend the approa
h begun with my Z-inferen
es to gain morededu
tive strength in systems of higher order logi
 without 
ontra
tion.
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tion. Primitive re
ursion (or 1-re
ursion) is availablein L
i
D

Zl (in the sense that fun
tions de�ned by primitive re
ursion fromtotal fun
tions 
an be expli
itly de�ned and proven to be total), as shownin [16℄, but not so k-re
ursion for k > 1. The latter is readily 
on
ludedfrom a simple ordinal observation: a 
onsisten
y proof for 2-re
ursionrequires an indu
tion up to ωωω

, while that of L
i
D

Zl 
an be shown by anindu
tion up to ωω. On the other hand, as I suggested at the end of [16℄,given a 
ertain reinfor
ed ne
essity operator obeying the rules
�nA, Γ ⇒ C

A, Γ ⇒ C
and �nA ⇒ C

,
A ⇒ Cthere is an easy way to over
ome the di�
ulties. The present paper isdedi
ated to a way of introdu
ing su
h a reinfor
ed ne
essity operatorwithout adding any new primitive symbols.14Remark 5.1. Regarding the redu
tion step for the above rules: if the lastpart of a dedu
tion has the form

�mB ⇒ A

B ⇒ A

�nA, Γ ⇒ C

A, Γ ⇒ C
♣ ,

B, Γ ⇒ Cthen a dedu
tion 
an be 
onstru
ted as follow:
······ ···

··
·····

�mB ⇒ A
============
�m+nB ⇒ �nA

······ ···
·······

�nA, Γ ⇒ C
♣

�m+nB, Γ ⇒ C
.

B, Γ ⇒ CThis may look pretty inno
ent. But sin
e it is su�
ient to provide 2-re
ursion, it will 
ome no 
heaper than by an indu
tion up to ωωω .
14 No relief is to be expe
ted from the introdu
tion of fun
tion variables as pro-moted in, e.g., [9℄ and [8℄ for the formulation of k-re
ursion for k > 1, simply be
ausethe problem in the present approa
h is not the formulation of an appropriate term,but the nested double indu
tion required in the proof that it satis�es the 
riterion ofa fun
tion: uniqueness of the value; and that problem prevails.



138 uwe petersenWhat I need is a way of quantifying, as it were, over ne
essity oper-ators, and that in a way that allows a form of indu
tion similar to thatprovided by Π̆̊ in [14℄. This is what I am going to provide now.My approa
h to providing su�
ient dedu
tive strength for proving2-re
ursion is based heavily on [14℄ and [16℄ and is a further extension ofthe system L
i
D

Zl presented in [14℄.5b. Ψ2 and Z2. I begin by introdu
ing a new kind of su

essornotion.Definitions 5.2. (1) sI2 :≡ lx�(x∈s) (�ne
essor�, a kind of su

essorwith regard to the ne
essity operator, a ne
[essity-su

℄essor).(2) The set Ψ2 is de�ned indu
tively as follows:(2.1) I is an element of Ψ2 ;(2.1) If t is an element Ψ2, then so is tI2 .(3) If n is a natural number, then the 
orresponding Ψ2-element is de�nedindu
tively as follows:(3.1) I is the 
orresponding Ψ2-element to 0;(3.2) If ¯̄n is the 
orresponding Ψ2-element to n, then ¯̄nI2 is the 
orre-sponding Ψ2-element to n′.Example 5.3. I I2 I2 ≡ lx1 �(x1∈lx2 �(x2∈I)) = lx��(x∈I) .Convention 5.4. I shall use ¯̄m and ¯̄n as synta
ti
 symbols for elementsof Ψ2, possibly with index numbers.Remark 5.5. Ψ2 is the set {I, I I2, I I2 I2, . . .} , where
I I2 = lx�(x = V),
I I2 I2 = lx��(x = V),. . . .Note, however, that this is equality, not identity! What is aimed at is, of
ourse, this: [A/¯̄n] ↔ �nA.Proposition 5.6. If s ∈ Ψ2, then there exists a natural number n su
hthat s is the 
orresponding element of n in Ψ2.Proof. As for the 
ase of Ψ in proposition 131.9 in [15℄, p. 1789, this is animmediate 
onsequen
e of the de�nition of 
orresponding element. qed
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ording to the following s
hemata are L
i
D

Zl -dedu
ible.
[A/sI2 ] ⇔ �[A/s](5.7i)
�([A/s] � [B/s] → [A � B/s]) ⇒ [A/sI2 ] � [B/sI2 ] → [A � B/sI2 ](5.7ii)
[A/sI2 ] ⇒ [A/s](5.7iii)
[A/I I2 ] ⇔ �A(5.7iv)Proof. Re 5.7i. Immediate 
onsequen
e of the abstra
tion rules.Re 5.7ii.
[A/s] � [B/s] → [A � B/s], [A/s], [B/s] ⇒ [A � B/s]

�([A/s] � [B/s] → [A � B/s]), �[A/s], �[B/s] ⇒ �[A � B/s]
===============================================
�([A/s] � [B/s] → [A � B/s]), [A/sI2 ], [B/sI2 ] ⇒ [A � B/sI2 ]

�([A/s] � [B/s] → [A � B/s]), [A/sI2 ] � [B/sI2 ] ⇒ [A � B/sI2 ]

�([A/s] � [B/s] → [A � B/s]) ⇒ [A/sI2 ] � [B/sI2 ] → [A � B/sI2 ]Re 5.7iii. lA∈s ⇒ [A/s]

�(lA∈s) ⇒ [A/s]

[A/sI2 ] ⇒ [A/s]Re 5.7iv. This is a straightforward 
onsequen
e of 5.7i and 131.15i and iiin [15℄, p. 1792. qedAs for the 
ase of Ψ, the problem 
onsists in 
apturing the informalnotion Ψ2 on the formal level, and that in a way whi
h provides for aform of indu
tion. As in the 
ase of Z, the point is to �nd an appli
ationof self-referen
e (�xed-point 
onstru
tion) whi
h 
reates, as it were, itsown �su

essor�, this time with regard to the ne
essity operator, i.e., itsown ne
essor. This is what the following de�nition aims at.Definition 5.8. γ̆2[A] :≡ lx�(x∈x � A)∈lx�(x∈x � A) .The next proposition lists a number of properties of γ̆2, somewhatparalleling proposition 132.5 in [15℄, p. 1804, 
on
erning the 
ase of γ̆.
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ording to the following s
hemata are L
i
D

Zl -dedu
ible.
γ̆2[A] ⇔ �(γ̆2[A] � A)(5.9i)
γ̆2[A] ⇒ �A(5.9ii)
γ̆2[A] ⇒ A(5.9iii)
γ̆2[A] ⇒ �nA(5.9iv)
γ̆2[A] ⇒ �γ̆2[A](5.9v)
γ̆2[A] ⇒ �n

γ̆2[A](5.9vi)
γ̆2[A] ⇒ �γ̆2[A] � �A(5.9vii)
γ̆2[A ∧ B] ⇒ γ̆2[A ∧ B] � �nA(5.9viii)
γ̆2[A ∧ B] ⇒ γ̆2[A ∧ B] � �nB(5.9ix)Proof. Re 5.9i. Straightforward 
onsequen
e of the abstra
tion rules.Re 5.9ii.

A ⇒ A

γ̆2[A], A ⇒ A

γ̆2[A] � A ⇒ A

�(γ̆2[A] � A) ⇒ �A

γ̆2[A] ⇒ �ARe 5.9iii. Immediate 
onsequen
e of 5.9ii.Re 5.9iv. Repeat 5.9i.Re 5.9v.
γ̆2[A] ⇒ γ̆2[A]

γ̆2[A], A ⇒ γ̆2[A]

γ̆2[A] � A ⇒ γ̆2[A]

�(γ̆2[A] � A) ⇒ �γ̆2[A]

γ̆2[A] ⇒ �γ̆2[A]Re 5.9vi. Employ an indu
tion on n, approa
hing along the line of 5.9v.
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γ̆2[A] ⇒ ��γ̆2[A]

�γ̆2[A] ⇒ �γ̆2[A]

γ̆2[A] ⇒ �A

�γ̆2[A] ⇒ �A

�γ̆2[A], �γ̆2[A] ⇒ �γ̆2[A] � �A

��γ̆2[A] ⇒ �γ̆2[A] � �A
♣

γ̆2[A] ⇒ �γ̆2[A] � �ARe 5.9viii and 5.9ix. These are straightforward 
onsequen
es of the fore-going results. qedCorollary 5.10. Inferen
es a

ording to the following s
hemata are
L
i
D

Zl -derivable.
A, Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10i)

�A, Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10ii)

�nA, Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10iii)

γ̆2[A ∧ B], �nA, Γ ⇒ C

γ̆2[A ∧ B], Γ ⇒ C
(5.10iv)

γ̆2[A ∧ B], �nB, Γ ⇒ C

γ̆2[A ∧ B], Γ ⇒ C
(5.10v)

�n
γ̆2[A], Γ ⇒ C

γ̆2[A], Γ ⇒ C
(5.10vi)Next 
omes the de�nition of a term that is meant to do for the ne
es-sor I2 what Z did for the verise
tion I .15Definition 5.11.
Z2 :≡ lx∧

y (γ̆2[I ∈y ∧
∧

z (�(z∈y) → z I2 ∈y)] → x∈y) .

15 As regards the term �verise
tion�, 
f. de�nition 131.5 on p. 1788 of [15℄.



142 uwe petersenRemark 5.12. This de�nition of Z2 is designed with an eye to a possible
onsisten
y proof somewhat along similar lines as that sket
hed in �133of [15℄ for the 
ase of L
i
D

Zl . At �rst sight, it may look as if the approa
hfrom [14℄ 
ould be easily adapted from I to I2. This however, runs intotrouble at the following point: while
⇒ AlA∈s ⇒ lA∈sIis perfe
tly L

i
Dl-dedu
ible, the following isn't L

i
D

Zl -dedu
ible:
⇒ A

.lA∈s ⇒ �(lA∈s)A similar 
onsideration applies to the employment of a �xed-point à la[18℄, i.e., Z2 = lx∧
y (I ∈y �

∧
z (z∈Z2 → z I2∈y) → x∈y). It is withregard to this problem that the ne
essity operator is introdu
ed in frontof the �indu
tion hypothesis�, i.e., the sub-formula (z∈y) in Z2.Proposition 5.13. Sequents a

ording to the following s
hemata are

L
i
D

Zl -dedu
ible.
⇒ I ∈Z2(5.13i)
�(s∈Z2) ⇒ sI2

∈Z2(5.13ii)Proof. Re 5.13i. Employ 5.9iii:̆
γ2[I ∈b] ⇒ I ∈b

================================
γ̆2[I ∈b], γ̆2[

∧
z (�(z∈b) → z I2∈b)] ⇒ I ∈b

γ̆2[I ∈b] � γ̆2[
∧

z (�(z∈b) → z I2∈b)] ⇒ I ∈b

⇒ γ̆2[I ∈b] � γ̆2[
∧

z (�(z∈b) → z I2∈b)] → I ∈b

⇒
∧

y (γ̆2[I ∈y] � γ̆2[
∧

z (�(z∈y) → z I2∈y)] → I ∈y)

⇒ I ∈lx∧
y (γ̆2[I ∈y] � γ̆2[

∧
z (�(z∈y) → z I2∈y)] → x∈y)
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∧

z (�(z∈∗1) → z I2∈∗1)] :
Zet2[b] ⇒ Zet2[b] s∈b ⇒ s∈b

Zet2[b] → s∈b, Zet2[b] ⇒ s∈b
∧

y (Zet2[y] → s∈y), Zet2[b] ⇒ s∈b

s∈lx∧
y (Zet2[y] → s∈y), Zet2[b] ⇒ s∈b

�(s∈lx∧
y (Zet2[y] → s∈y)), �Zet2[b] ⇒ �(s∈b) 5.10vi

�(s∈lx∧
y (Zet2[y] → s∈y)), Zet2[b] ⇒ �(s∈b) sI2

∈b ⇒ sI2
∈b

�(s∈Z2), Zet2[b], �(s∈b) → sI2
∈b ⇒ sI2

∈b

�(s∈Z2), Zet2[b],
∧

z (�(z∈b) → z I2 ∈b) ⇒ sI2 ∈b 5.10v
�(s∈Z2), Zet2[b] ⇒ sI2

∈b

�(s∈Z2) ⇒ Zet2[b] → sI2
∈b

�(s∈Z2) ⇒
∧

y (Zet2[y] → sI2
∈y)

�(s∈Z2) ⇒ sI2
∈lx∧

y (Zet2[y] → x∈y) qedRemark 5.14. Noti
e that Li
D

Zl is indeed required in the above dedu
tionof 5.13ii.5
. Z2-inferen
es and Π̆̊2. As in the 
ase of Z, I shall next pro
eedto de�ning terms whi
h provide for some form of proto-indu
tion, in thepresent 
ase a nested double one.Definitions 5.15. (1) An inferen
e a

ording to the following s
hema is
alled a Z2-inferen
e:
Γ ⇒ s∈Z2 ⇒ A

.
Γ ⇒ lA∈s(2) The formalized theory L

i
D

Z2l is de�ned as L
i
D

Zl plus all Z2-inferen
es.
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omes the de�nition of Π̆̊2. In what follows, I shall 
ommonlywrite [A/s] for lA∈s, as I already did in [14℄.Definitions 5.16. (1) Pi2[s, t] :≡ [I ∈t/s] ∧
∧

z [�(z∈t) → z I2
∈t/s] .(2) Π̆̊2 :≡ lx (�(x∈Z2) �

∧
y (Pi2[x, y] ⊃ x∈y)) .Proposition 5.17. Inferen
es a

ording to the following s
hemata are

L
i
D

Z2l -derivable.
⇒ F[I] �F[a] ⇒ F[aI2 ]

s∈Π̆̊2 ⇒ F[s]
(5.17i)

A ⇒ B

s∈Π̆̊2, [A/s] ⇒ [B/s]
(5.17ii)

�A ⇒ B

s∈Π̆̊2, �[A/s] ⇒ [B/s]
(5.17iii)

Γ ⇒ B

s∈Π̆̊2, [Γ/s] ⇒ [B/s]
(5.17iv)Proof. Re 5.17i. Let ξ :≡ lx F[x]:

⇒ F[I ]

⇒ I ∈lx F[x]

s∈Z2 ⇒ [I ∈lx F[x]/s]

�F[a] ⇒ F[aI2 ]

�(a∈lx F[x]) ⇒ aI2
∈lx F[x]

⇒ �(a∈lx F[x]) → aI2
∈lx F[x]

s∈Z2 ⇒ [�(a∈ξ) → aI2
∈ξ/s]

s∈Z2 ⇒
V

z [�(z∈ξ) → z I2
∈ξ/s]

s∈Z2 ⇒ [I ∈ξ/s] ∧
V

z [�(z∈ξ) → z I2
∈ξ/s]

F[s] ⇒ F[s]

s∈lx F[x] ⇒ F[s]

�(s∈Z2), [I ∈ξ/s] ∧
V

z [�(z∈ξ) → z I2
∈ξ/s] ⊃ s∈ξ ⇒ F[s]

�(s∈Z2),
V

y ([I ∈y/s] ∧
V

z [�(z∈y) → z I2
∈y/s] ⊃ s∈y) ⇒ F[s]

�(s∈Z2) �

V

y ([I ∈y/s] ∧
V

z [�(z∈t) → z I2
∈y/s] ⊃ s∈y) ⇒ F[s]

s∈lx (�(s∈Z2) �

V

y ([I ∈y/s] ∧
V

z [�(z∈t) → z I2
∈y/s] ⊃ s∈y)) ⇒ F[s]



ADDITIONS AND CORRECTIONS TO DIAGONAL METHOD . . . 145Re 5.17ii. Similar to 134.10ii in [15℄, p. 1830:
A ⇒ B

===========
[A/I] ⇒ [B/I]

⇒ [A/I] → [B/I]

[A/c] ⇒ [A/c] [B/c] ⇒ [B/c]

[A/c] → [B/c], [A/c] ⇒ [B/c]

�([A/c] → [B/c]), �[A/c] ⇒ �([B/c])
==============================

�([A/c] → [B/c]), [A/cI2 ] ⇒ [B/cI2 ]

�([A/c] → [B/c]) ⇒ [A/cI2 ] → [B/cI2 ] 5.17i
s∈Π̆̊2, [A/s] ⇒ [B/s]Re 5.17iii.

�[A/I ] ⇒ �A �A ⇒ B
♣

�[A/I ⇒ B

�[A/I ] ⇒ [B/I ]

⇒ �[A/I → [B/I ]

�[A/a] ⇒ �[A/a] [B/a] ⇒ [B/a]

�[A/a] → [B/a], �[A/a] ⇒ [B/a]

�[A/a] → [B/a], [A/aI2 ] ⇒ [B/a]
==============================
�(�[A/a] → [B/a], �[A/aI2 ] ⇒ �[B/a]

�(�[A/a] → [B/a], �[A/aI2 ] ⇒ [B/aI2 ]

�(�[A/a] → [B/a]) ⇒ �[A/aI2 ] → [B/aI2 ] 5.17i.
s∈Π̆̊2, �[A/s] ⇒ [B/s]Re 5.17iv. This is just a generalization of 5.17ii by taking the �nite box-
onjun
tion of the w�s of Γ . Left to the reader. qedRemark 5.18. There is something bordering on triviality in the �indu
-tion steps� of the proofs of 5.17ii�5.17iv, whi
h is essentially due to the

L
i
Dl-dedu
ibility of the sequent �(lA∈a) ⇒ lA∈aI2 :

�(lA∈a) ⇒ �(lA∈a)
.

�(lA∈a) ⇒ lA∈aI2I suggest that this be seen in the 
ontext of the di�eren
e between a
omplete indu
tion and a transinite indu
tion. Every ordinal below ω
an a
tually be rea
hed by starting from 0 and adding 1, whereas witha trans�nite ordinal one 
an only say that 0 
an be rea
hed by everydes
ending 
hain.
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ording to the following s
hemata are
L
i
D

Zl -dedu
ible.
s∈Π̆̊2 ⇒ �(s∈Z2)(5.19i)
s∈Π̆̊2 ⇒ sI2

∈Z2(5.19ii)
s∈Π̆̊2, [A/s] ⇒ A(5.19iii)
⇒ I ∈ Π̆̊2(5.19iv)
s∈Π̆̊2, Pi2[s

I2, t] ⇒ Pi2[s, t
I2 ](5.19v)

s∈Π̆̊2, �(s∈t), Pi2[s
I2, t] ⇒ sI2

∈t(5.19vi)
[�(s∈Π̆̊2)]

·2 ⇒ sI2
∈Π̆̊2(5.19vii)

s∈Π̆̊2 ⇒ �(s∈Π̆̊2)(5.19viii)
s∈Π̆̊2 ⇒ s∈Π̆̊2 � s∈Π̆̊2(5.19ix)
s∈Π̆̊2 ⇒ sI2

∈Π̆̊2(5.19x)Proof. Re 5.19i. Fairly immediate 
onsequen
e of the de�nition; left tothe reader.Re 5.19ii. This is a straightforward 
onsequen
e of 5.13ii and 5.19i.Re 5.19iii.
A ⇒ A

[A/I] ⇒ A

⇒ [A/I] → A

�(lA∈c) ⇒ �[A/c]

[A/cI2 ] ⇒ �[A/c] �A ⇒ A

�[A/c] → �A, [A/cI2 ] ⇒ A

�([A/c] → A), [A/cI2 ] ⇒ A

�([A/c] → A) ⇒ [A/cI2 ] → A 5.17i .
s∈Π̆̊2, [A/s] ⇒ ARe 5.19iv. Obvious.
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es a

ording to 5.17iii are marked by ∗:
�(I ∈t) ⇒ �(I ∈t)

�(I ∈t) ⇒ I ∈tI2

∗
s∈ Π̆̊2, �[I ∈t/s] ⇒ [I ∈tI2/s]

s∈ Π̆̊2, [I ∈t/sI2 ] ⇒ [I ∈tI2/s]

s∈ Π̆̊2, Pi2[sI2, t] ⇒ [I∈tI2/s]

�(c∈t) ⇒ �(c∈t)

�(c∈t) ⇒ c∈tI2 cI2
∈t ⇒ cI2

∈t

�(c∈t) → cI2
∈t, c∈tI2 ⇒ cI2

∈t

�(�(c∈t) → cI2
∈t), �(c∈tI2) ⇒ �(cI2

∈t)

�(�(c∈t) → cI2
∈t), �(c∈tI2) ⇒ cI2

∈tI2

�(�(c∈t) → cI2
∈t) ⇒ �(c∈tI2) → cI2

∈tI2

∗
s∈ Π̆̊2, �[�(c∈t) → cI2

∈t/s] ⇒ [�(c∈tI2) → cI2
∈tI2/s]

s∈ Π̆̊2, [�(c∈t) → cI2
∈t/sI2 ] ⇒ [�(c∈tI2) → cI2

∈tI2/s]

s∈ Π̆̊2,
V

z [�(z∈t) → z I2
∈t/sI2 ] ⇒ [�(c∈tI2) → cI2

∈tI2/s]

s∈ Π̆̊2, Pi2[sI2, t] ⇒ [�(c∈tI2) → cI2
∈tI2/s]

s∈ Π̆̊2, Pi2[sI2, t] ⇒
V

z [�(z∈tI2) → z I2
∈tI2/s]

.
s∈ Π̆̊2, Pi2[s

I2, t] ⇒ [I ∈tI2/s] ∧
V

z [�(z∈tI2) → z I2
∈tI2/s]Re 5.19vi. Employ 5.19iii:

�(s∈t) ⇒ �(s∈t) sI2
∈t ⇒ sI2

∈t

�(s∈t), �(s∈t) → sI2
∈t ⇒ sI2

∈t 5.19iii
s∈Π̆̊2, �(s∈t), [�(s∈t) → sI2

∈t/s] ⇒ sI2
∈t 5.7iii

s∈Π̆̊2, �(s∈t), [�(s∈t) → sI2
∈t/sI2 ] ⇒ sI2

∈t

s∈Π̆̊2, �(s∈t),
∧

z [�(z∈t) → z I2∈t/sI2 ] ⇒ sI2∈t
.

s∈Π̆̊2, �(s∈t), [I ∈t/sI2 ] ∧
∧

z [�(z∈t) → z I2∈t/sI2 ] ⇒ sI2 ∈tRe 5.19vii. Employ 5.19ii, 5.19v, and 5.19vi. The inferen
e marked by ∗is a

ording to 135.20vii in [15℄:
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s∈Π̆̊2 ⇒ sI2

∈Z2

�(s∈ Π̆̊2) ⇒ �(sI2
∈Z2)

s∈ Π̆̊2, Pi
2
[sI2, b] ⇒ Pi

2
[s, bI2 ]

s∈ Π̆̊2, �(s∈b), Pi
2
[sI2, b] ⇒ sI2

∈b

s∈Π̆̊2, s∈bI2, Pi
2
[sI2, b] ⇒ sI2

∈b
∗

[s∈ Π̆̊2]
·2, Pi

2
[s, bI2 ] ⊃ s∈bI2 ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈Π̆̊2]
·2,

V

y (Pi
2
[s, y] ⊃ s∈y) ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·2, �(sI2

∈Z2),
V

y (Pi
2
[s, y] ⊃ s∈y) ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·2, �(sI2

∈Z2) �

V

y (Pi
2
[s, y] ⊃ s∈y) ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·3 ⇒ Pi

2
[sI2, b] ⊃ sI2

∈b

[s∈ Π̆̊2]
·3 ⇒

V

y (Pi
2
[sI2, y] ⊃ sI2

∈y)

�(s∈Π̆̊2) ⇒
V

y (Pi
2
[sI2, y] ⊃ sI2

∈y)

[�(s∈Π̆̊2)]
·2 ⇒ �(sI2

∈Z2) �

V

y (Pi
2
[sI2, y] ⊃ sI2

∈y)
.

[�(s∈Π̆̊2)]
·2 ⇒ sI2

∈lx (�(x∈Z2) �

V

y (Pi
2
[x, y] ⊃ x∈y))Re 5.19viii. Employ 5.19i and 5.19vii. Completely straightforward, butnevertheless, here is a dedu
tion:

⇒ I ∈Π̆̊2

⇒ �(I ∈ Π̆̊2)

[�(a∈Π̆̊2)]
·2 ⇒ aI2

∈Π̆̊2

��(a∈Π̆̊2) ⇒ �(aI2
∈Π̆̊2) 5.17i .

s∈Π̆̊2 ⇒ �(s∈Π̆̊2)Re 5.19ix. This is an immediate 
onsequen
e of 5.19viii.Re 5.19x. This is a straightforward 
onsequen
e of 5.19viii, ix, and vii:
s∈ Π̆̊2 ⇒ s∈ Π̆̊2 � s∈ Π̆̊2

s∈ Π̆̊2 ⇒ �(s∈ Π̆̊2) s∈ Π̆̊2 ⇒ �(s∈ Π̆̊2)

s∈ Π̆̊2 � s∈ Π̆̊2 ⇒ �(s∈ Π̆̊2) � �(s∈ Π̆̊2)

�(s∈ Π̆̊2), �(s∈ Π̆̊2) ⇒ sI2
∈ Π̆̊2

�(s∈ Π̆̊2) � �(s∈ Π̆̊2) ⇒ sI2
∈ Π̆̊2

♣

s∈ Π̆̊2 � s∈ Π̆̊2 ⇒ sI2
∈ Π̆̊2

♣ .
s∈ Π̆̊2 ⇒ sI2

∈ Π̆̊2 qedRemark 5.20. Noti
e the strange detour in the dedu
tion of s∈Π̆̊2 ⇒
sI2∈ Π̆̊2. I should very mu
h like to 
all it a detour through in�nity.Corollary 5.21. Inferen
es a

ording to the following s
hemata are
L
i
D

Zl -derivable.
Γ, sI2

∈Π̆̊2, Π ⇒ C

Γ, s∈Π̆̊2, Π ⇒ C
(5.21i)
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Γ, s∈Π̆̊2, Π, s∈Π̆̊2, Θ ⇒ C

s∈Π̆̊2, Γ, Π, Θ ⇒ C
(5.21ii)As in the 
ase of Π̆̊ , this provides for a form of �indu
tion�.Theorem 5.22. Inferen
es a

ording to the following s
hemata are
L
i
D

Z2l -derivable.
F[I] ⇒ F[aI2 ], �(a∈Π̆̊2) ⇒ �F[a]

s∈Π̆̊2, F[s] ⇒ C
(5.22i)

⇒ F[I] �F[a], �(a∈Π̆̊2) ⇒ F[aI2 ]

s∈Π̆̊2 ⇒ F[s]
(5.22ii)

⇒ F[I] [�F[a]]·n, �(a∈Π̆̊2) ⇒ F[aI2 ]

s∈Π̆̊2 ⇒ �F[s]
(5.22iii)Proof. Straightforward 
onsequen
es of 5.17i and 5.21 in the usual way.Re 5.22ii. Employ 5.19x:
⇒ I ∈ Π̆̊2 ⇒ F[I ]

⇒ I ∈ Π̆̊2 � F[I ]

⇒ �(I ∈ Π̆̊2 � F[I ])

a∈ Π̆̊2 ⇒ aI2
∈Π̆̊2

a∈ Π̆̊2, F[a] ⇒ aI2
∈Π̆̊2

a∈Π̆̊2 � F[a] ⇒ aI2
∈ Π̆̊2

�(a∈Π̆̊2 � F[a]) ⇒ aI2
∈Π̆̊2

�(a∈Π̆̊2), � F[a] ⇒ F[aI2 ]

[�(a∈Π̆̊2 � F[a])]·2 ⇒ F[aI2 ]

[�(a∈ Π̆̊2 � F[a])]·3 ⇒ aI2
∈Π̆̊2 � F[aI2 ]

��(a∈Π̆̊2 � F[a]) ⇒ �(aI2
∈ Π̆̊2 � F[aI2 ])

s∈Π̆̊2 ⇒ �(s∈Π̆̊2 � F[s])

s∈Π̆̊2 ⇒ s∈ Π̆̊2 � F[s]

s∈Π̆̊2 ⇒ F[s]
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⇒ F[I]

⇒ �F[I]

[�F[a]]·n, �(a∈Π̆̊2) ⇒ F[aI2 ]

[�F[a]]·n, a∈Π̆̊2 ⇒ F[aI2 ]

��F[a], �(a∈Π̆̊2) ⇒ �F[aI2 ]

s∈Π̆̊2 ⇒ �F[s] qedThe next proposition somewhat 
orresponds to proposition 134.9 in[15℄, p. 1829.Proposition 5.23. Sequents a

ording to the following s
hemata are
L
i
D

Z2l -dedu
ible.
s∈Π̆̊2, [A/s], [B/s] ⇒ [A � B/s](5.23i)
s∈Π̆̊2, [A → B/s], [A/s] ⇒ [B/s](5.23ii)
s∈Π̆̊2, [A ∨ ¬A/sI2 ], A ⇒ �A(5.23iii)
[A ∨ ¬A/I], �A ⇒ [A/I](5.23iv)
s∈Π̆̊2, [A ∨ ¬A/sI2 ], �A ⇒ [A/sI2 ](5.23v)
s∈Π̆̊2, [A ∨ ¬A/s], �A ⇒ [A/s](5.23vi)Proof. Re 5.23i. In prin
iple as for 5.23ii; left to the reader.Re 5.23ii. I only show the �indu
tion step�:

[A → B/a] ⇒ [A → B/a] [A/a] ⇒ [A/a]

[A → B/a], [A/a] ⇒ [A → B/a] � [A/a] [B/a] ⇒ [B/a]

[A → B/a] � [A/a] → [B/a], [A → B/a], [A/a] ⇒ [B/a]

�([A → B/a] � [A/a] → [B/a]), �[A → B/a], �[A/a] ⇒ �[B/a]
================================================== 5.7i
�([A → B/a] � [A/a] → [B/a]), [A → B/aI2 ], [A/aI2 ] ⇒ [B/aI2 ]

�([A → B/a] � [A/a] → [B/a]), [A → B/aI2 ] � [A/aI2 ] ⇒ [B/aI2 ]
.

�([A → B/a] � [A/a] → [B/a]) ⇒ [A → B/aI2 ] � [A/aI2 ] → [B/aI2 ]
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�(A ∨ ¬A), A ⇒ �A

[A ∨ ¬A/I I2 ], A ⇒ �A

[A ∨ ¬A/I I2 ] � A ⇒ �A

⇒ [A∨¬A/I I2 ]�A → �A

[A ∨ ¬A/aI2 ], A ⇒ [A ∨ ¬A/aI2 ] � A �A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, [A ∨ ¬A/aI2 ], A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, �[A ∨ ¬A/aI2 ], A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, [A ∨ ¬A/aI2 I2 ], A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A, [A ∨ ¬A/aI2 I2 ] � A ⇒ �A

[A ∨ ¬A/aI2 ] � A → �A ⇒ [A ∨ ¬A/aI2 I2 ] � A → �A

�([A∨¬A/aI2 ] � A→�A)⇒ [A∨¬A/aI2 I2 ] � A→ �A

s∈ Π̆̊2 ⇒ [A ∨ ¬A/sI2 ] � A → �A
.

s∈ Π̆̊2, [A ∨ ¬A/sI2 ], A ⇒ �ARe 5.23iv. Employ 134.13i from [15℄, p. 1831:
�A ⇒ A

�A ⇒ [A/I]
.

[A ∨ ¬A/I], �A ⇒ [A/I]Re 5.23v. I only show the �indu
tion step�; employ 5.23iii:
[A ∨ ¬A/aI2 ] ⇒ [A ∨ ¬A/aI2 ] a∈Π̆̊2, [A ∨ ¬A/aI2 ], A ⇒ �A

a∈Π̆̊2, [A ∨ ¬A/aI2 ], [A ∨ ¬A/aI2 ], A ⇒ [A ∨ ¬A/aI2 ] � �A

�a∈Π̆̊2, �[A ∨ ¬A/aI2 ], �A ⇒ �([A ∨ ¬A/aI2 ] � �A)

a∈ Π̆̊2, �[A ∨ ¬A/aI2 ], �A ⇒ �([A ∨ ¬A/aI2 ] � �A)

a∈Π̆̊2, [A ∨ ¬A/aI2 I2 ], �A ⇒ �([A ∨ ¬A/aI2 ] � �A) �[A/aI2 ] ⇒ [A/aI2 I2 ]

a∈Π̆̊2, �([A ∨ ¬A/aI2 ] � �A) → �[A/aI2 ], [A ∨ ¬A/aI2 I2 ], �A ⇒ [A/aI2 ]

a∈Π̆̊2, �([A ∨ ¬A/aI2 ] � �A → [A/aI2 ]), [A ∨ ¬A/aI2 I2 ] � �A ⇒ [A/aI2 ]

a∈ Π̆̊2, �([A ∨ ¬A/aI2 ] � �A → [A/aI2 ]), [A ∨ ¬A/aI2 ] � �A ⇒ [A/aI2 ]
.

a∈Π̆̊2, �([A ∨ ¬A/aI2 ] � �A → [A/a]) ⇒ [A ∨ ¬A/aI2 I2 ] � �A → [A/aI2 ]Re 5.23vi. Straightforward 
onsequen
e of 5.23v and 5.23iv by 5.22ii.qed
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s∈Π̆̊2, [A ∨ ¬A/s], A ⇒ [A/s] .In order to see this, 
onfront
A ∨ ¬A, A ∨ ¬A, A ⇒ A � A � Awhi
h is obviously L
i
Dl-dedu
ible, with

��(A ∨ ¬A), A ⇒ ��Awhi
h, apparently, is not L
i
D

Zl -dedu
ible. But while 134.9iv survives insome form, at least, viz., as 5.23vi, there doesn't seem to be anything
orresponding to 134.9ii, i.e., something like
s∈Π̆̊2, [A � B/s] ⇒ [A/s] � [B/s]perhaps. This 
an be seen from the following 
onsideration: while

(A � B) � (A � B) ⇒ (A � A) � (B � B)is L
i
Dl-dedu
ible,

�(A � B) ⇒ �A � �Bis, apparently, not L
i
D

Zl -dedu
ible.16 This may be taken to indi
ate that
�2 is not just a repetition of the same kind of ne
essity operator that isalready available in �.5d. Appli
ations. Just as Π̆̊ 
ould be employed to de�ne notionsof ne
essity and weak impli
ation, so 
an Π̆̊2.Definition 5.25. �2 A :≡

∧
x (x∈ Π̆̊2 → [A/x]) .The following proposition 
orresponds in an obvious way to proposi-tion 134.13 in [15℄, p. 1831.Proposition 5.26. Sequents a

ording to the following s
hemata are

L
i
D

Z2l -dedu
ible.
�2 A ⇒ A(5.26i)
�2 A ⇒ �A(5.26ii)
�2 A ⇒ �nA(5.26iii)
�2 A ⇒ �2 �A(5.26iv)

16 Cf. remark 135.13 in [15℄, p. 1844.
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�2 �nA ⇒ �2 �n′

A(5.26v)
�2 A ⇒ �2 �nA(5.26vi)
�2 A, �2 B ⇒ �2 (A � B)(5.26vii)
�2 (A → B), �2 A ⇒ �2 B(5.26viii)
s∈Π̆̊2 ⇒ �2 (s∈Π̆̊2)(5.26ix)
s∈Π̆̊2 ⇒ [s∈Π̆̊2/s](5.26x)Proof. Re 5.26i. As for 134.13i in [15℄, p. 1831, only with Π̆̊2 instead of

Π̆̊ .Re 5.26ii and 5.26iii. In view of 5.26iv, these are left to the reader.Re 5.26iv.
a∈Π̆̊2 ⇒ aI2

∈Π̆̊2

�A ⇒ �A 5.17iii
a∈Π̆̊2, [A/aI2 ] ⇒ [�A/a]

aI2
∈Π̆̊2 → [A/aI2 ], a∈Π̆̊2, a∈Π̆̊2 ⇒ [�A/a] 5.21ii
aI2

∈ Π̆̊2 → [A/aI2 ], a∈Π̆̊2 ⇒ [�A/a]
∧

x (x∈ Π̆̊2 → [A/x]), a∈ Π̆̊2 ⇒ [�A/a]
∧

x (x∈ Π̆̊2 → [A/x]) ⇒ a∈Π̆̊2 → [�A/a]
∧

x (x∈ Π̆̊2 → [A/x]) ⇒
∧

x (x∈ Π̆̊2 → [�A/x])Re 5.26v. This is just 5.26iv, only with �nA being substituted for A.Re 5.26vi. Employ an indu
tion on n, based on 5.26v and 5.26vi.Re 5.26vii. Employ 5.23i:
a∈Π̆̊2 ⇒ a∈Π̆̊2 [A/a], [B/a], a∈Π̆̊2 ⇒ [A � B/a]

==================================================
a∈Π̆̊2 → [A/a], a∈Π̆̊2 → [B/a], a∈Π̆̊2, a∈Π̆̊2, a∈Π̆̊2 ⇒ [A � B/a]
================================================== 5.21ii

a∈Π̆̊2 → [A/a], a∈Π̆̊2 → [B/a], a∈Π̆̊2 ⇒ [A � B/a]
=================================================∧

x (x∈ Π̆̊2 → [A/x]),
∧

x (x∈ Π̆̊2 → [B/x]), a∈Π̆̊2 ⇒ [A � B/a]
∧

x (x∈ Π̆̊2 → [A/x]),
∧

x (x∈ Π̆̊2 → [B/x]) ⇒ a∈Π̆̊2 → [A � B/x]
∧

x (x∈ Π̆̊2 → [A/x]),
∧

x (x∈ Π̆̊2 → [B/x]) ⇒
∧

x (x∈ Π̆̊2 → [A � B/x])Re 5.26viii. Essentially, what has to be shown is that
⇒ [A → B/I] � [A/I] → [B/I], and
�([A → B/a] � [A/a] → [B/a]) ⇒ [A → B/aI2 ] � [A/aI2 ] → [B/aI2 ]
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i
D

Z2l -dedu
ible. The �rst one is 
ompletely straightforward. As re-gards the se
ond one, employ 5.23ii and pro
eed as for 5.26vii:
a∈Π̆̊2 ⇒ a∈Π̆̊2 [A → B/a], [A/a], a∈Π̆̊2 ⇒ [B/a]

===================================================
a∈Π̆̊2 → [A → B/a], a∈Π̆̊2 → [A/a], a∈Π̆̊2, a∈Π̆̊2, a∈Π̆̊2 ⇒ [B/a] 5.21ii

a∈Π̆̊2 → [A → B/a], a∈Π̆̊2 → [A/a], a∈Π̆̊2 ⇒ [B/a]
==================================================∧

x (x∈ Π̆̊2 → [A → B/x]),
∧

x (x∈ Π̆̊2 → [A/x]), a∈ Π̆̊2 ⇒ [B/a]
∧

x (x∈ Π̆̊2 → [A → B/x]),
∧

x (x∈ Π̆̊2 → [A/x]) ⇒ a∈Π̆̊2 → [B/a]
∧

x(x∈ Π̆̊2 → [A→B/x]),
∧

x(x∈ Π̆̊2 → [A/x])⇒
∧

x(x∈ Π̆̊2 → [B/x])Re 5.26ix. Employ 5.19iv and 5.19x;
⇒ I ∈Π̆̊2

⇒ �2 (I ∈Π̆̊2)

c∈Π̆̊2 ⇒ cI2
∈Π̆̊2

�2 (c∈Π̆̊2) ⇒ �2 (cI2
∈ Π̆̊2)

s∈Π̆̊2 ⇒ �2 (s∈Π̆̊2)Re 5.26x. Employ 5.26ix:
s∈Π̆̊2 ⇒

∧
x (x∈Π̆̊2 → [s∈Π̆̊2/x])

s∈Π̆̊2 ⇒ s∈Π̆̊2 → [s∈Π̆̊2/s]

s∈Π̆̊2, s∈Π̆̊2 ⇒ [s∈Π̆̊2/s]

s∈Π̆̊2 ⇒ [s∈Π̆̊2/s] qedProposition 5.27. Inferen
es a

ording to the following s
hemata are
L
i
D

Z2l -derivable.
⇒ A

⇒ �A
(5.27i)

�nA, Γ ⇒ B

�2 A, Γ ⇒ B
(5.27ii)

�A ⇒ B

�2 A ⇒ �2 B
(5.27iii)

�nA ⇒ B

�2 A ⇒ �2 B
(5.27iv)
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�nΓ ⇒ C

�2 Γ ⇒ �2 C
(5.27v)

Γ ⇒ A

s∈Π̆̊2, �2 Γ ⇒ [A/s]
(5.27vi)Proof. Re 5.27i.

⇒ [A/I]

�[A/c] ⇒ �[A/c]

�[A/c] ⇒ [A/cI2 ]

a∈Π̆̊2 ⇒ [A/a]

⇒ a∈Π̆̊2 → [A/a]

⇒
∧

x (x∈ Π̆̊2 → [A/x])Re 5.27ii�5.27vi. These are all fairly straightforward 
onsequen
es of theresults from 5.26 by means of 5.27i. I only show 5.27iv as an example.Employ 5.26vi and 5.26viii:
�2 A ⇒ �2 �nA

�nA ⇒ B

⇒ �nA → B 5.27i
⇒ �2 (�nA → B) �2 (�nA → B), �2 �nA ⇒ �2 B

♣

�2 �nA ⇒ �2 B
♣ .

�2 A ⇒ �2 B qedRemark 5.28. In view of 5.27ii and 5.27iv above, we 
an now say �2realizes the intention of . The new symbol is 
hosen to allow a furtherdevelopment of the hierar
hy: �3 , �4 , et
., with �1 , of 
ourse, being �.Proposition 5.29. Sequents a

ording to the following s
hemata are
L
i
D

Zl -dedu
ible.
�2 (A ∨ ¬A), �A ⇒ �2 A(5.29i)
�2 (A ∨ ¬A), �2 A → B ⇒ �A → B(5.29ii)
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a∈Π̆̊2 ⇒ a∈Π̆̊2 a∈Π̆̊2, [A ∨ ¬A/a], �A ⇒ [A/a]

a∈Π̆̊2, a∈Π̆̊2, a∈Π̆̊2 → [A ∨ ¬A/a], �A ⇒ [A/a] 5.21ii
a∈Π̆̊2, a∈Π̆̊2 → [A ∨ ¬A/a], �A ⇒ [A/a]

a∈Π̆̊2 → [A ∨ ¬A/a], �A ⇒ a∈Π̆̊2 → [A/a]
∧

x (x∈ Π̆̊2 → [A ∨ ¬A/x]), �A ⇒ a∈Π̆̊2 → [A/a]
.∧

x (x∈ Π̆̊2 → [A ∨ ¬A/x]), �A ⇒
∧

x (x∈ Π̆̊2 → [A/x])Re 5.29ii. As for 134.18ii in [15℄, p. 1833, this is a straightforward 
onse-quen
e of the foregoing result, in this 
ase 5.29i:
�2 (A ∨ ¬A), A ⇒ �2 A B ⇒ B

�2 (A ∨ ¬A), �2 A → B, �A ⇒ B
.

�2 (A ∨ ¬A), �2 A → B ⇒ �A → B qedWith the notion of �2 available, a form of indu
tion with side-w�s,i.e., indu
tion under assumptions, 
an be established for Π̆̊2-indu
tion,just as in the 
ase of Π̆̊ and �.Proposition 5.30. Inferen
es a

ording to the following s
hema are
L
i
D

Z2l -derivable.
Γ ⇒ F[I] �F[a], a∈Π̆̊2, Γ ⇒ F[aI2 ]

s∈Π̆̊2, �2 Γ ⇒ F[s]Proof. Let ξ :≡ lx F[x]. Employ 5.19x:
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s∈Π̆̊2 ⇒ sI2
∈ Π̆̊2

Γ ⇒ F[I ]

Γ ⇒ I ∈ξ

s∈Π̆̊2, [Γ/s] ⇒ [I ∈ξ/s]

�F[a], Γ, s∈Π̆̊2 ⇒ F[aI2 ]
====================
� (a∈ξ), Γ, s∈ Π̆̊2 ⇒ aI2

∈ξ

Γ, s∈ Π̆̊2 ⇒ � (a∈ξ) → (aI2
∈ξ) 5.17iv

s∈Π̆̊2, [Γ/s], [s∈Π̆̊2/s] ⇒ [� (a∈ξ) → (aI2
∈ξ)/s] 5.26x

s∈ Π̆̊2, [Γ/s], s∈Π̆̊2 ⇒ [� (a∈ξ) → (aI2
∈ξ)/s] 5.21ii

s∈ Π̆̊2, [Γ/s] ⇒ [� (a∈ξ) → (aI2
∈ξ)/s]

s∈Π̆̊2, [Γ/s] ⇒
V

z [� (z∈ξ) → (z I2
∈ξ)/s]

s∈Π̆̊2, [Γ/s] ⇒ Pi
2
[s, ξ] s∈ξ ⇒ F[s]

�(s∈Π̆̊2), �[Γ/s], Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s] 5.7i

�(s∈Π̆̊2), [Γ/sI2 ], Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s] 5.26ix

s∈Π̆̊2, [Γ/sI2 ], Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s]

s∈ Π̆̊2, [Γ/sI2 ], �(s∈Z2), Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s]

s∈Π̆̊2, [Γ/sI2 ], �(s∈Z2) � Pi
2
[s, ξ] ⊃ s∈ξ ⇒ F[s]

s∈Π̆̊2, [Γ/sI2 ], s∈ Π̆̊2 ⇒ F[s]

s∈Π̆̊2, s∈Π̆̊2, s
I2
∈ Π̆̊2 → [Γ/sI2 ], s∈Π̆̊2 ⇒ F[s]

s∈ Π̆̊2, s∈Π̆̊2, �2 Γ, s∈ Π̆̊2 ⇒ F[s]

s∈ Π̆̊2, �2 Γ ⇒ F[s] qedAs in the 
ase of Π̆̊ , it is useful to introdu
e some form of an in
lusiveversion of Π̆̊2.Definition 5.31. Π̆2 :≡ lx∨
y (�2 (y = x) � y∈Π̆̊2) .Proposition 5.32. Inferen
es a

ording to the following s
hemata are

L
i
D

Z2l -derivable.
A ⇒ B

s∈Π̆2, [A/s] ⇒ [B/s]
(5.32i)

�A ⇒ B

s∈Π̆2, �[A/s] ⇒ [B/s]
(5.32ii)
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Γ ⇒ B

s∈Π̆2, [Γ/s] ⇒ [B/s]
(5.32iii)Proof. Essentially 
onsequen
es of the 
orresponding proposition 5.17 forthe ex
lusive 
ase. I shall only show 5.32i as an example.Re 5.32i. Employ 5.17ii:

b∈Π̆̊2, [A/b] ⇒ [B/b]
==========================
b = s, b = s, b∈Π̆̊2, [A/s] ⇒ [B/s]

�(b = s), b∈Π̆̊2, [A/s] ⇒ [B/s]

�2 (b = s), b∈Π̆̊2, [A/s] ⇒ [B/s]

�2 (b = s) � b∈Π̆̊2, [A/s] ⇒ [B/s]
∨

y (�2 (y = s) � y∈Π̆̊2), [A/s] ⇒ [B/s]

s∈Π̆2, [A/s] ⇒ [B/s] qedAs in the 
ase of Π̆, this gives rise to a notion of �weak� impli
ation.Definition 5.33. A ⊃2 B :≡
∨

x (x∈Π̆2 � ([A/x] → B)) .Proposition 5.34. Inferen
es a

ording to the following s
hemata are
L
i
D

Zl -dedu
ible.
[A]·n, Γ ⇒ B

Γ ⇒ A ⊃2 B
(5.34i)

�n A, Γ ⇒ B

Γ ⇒ A ⊃2 B
(5.34ii)

Γ ⇒ A Π ⇒ A ⊃2 B

�2 Γ, Π ⇒ B
(5.34iii)

Γ ⇒ A B, Π ⇒ C

A ⊃2 B, �2 Γ, Π ⇒ C
(5.34iv)

(A → B) ⇒ (C1 → (. . . → (Cn → B) . . .))

(A ⊃2 B) ⇒ (C1 ⊃2 (. . . ⊃2 (Cn ⊃2 B) . . .))
(5.34v)

A2, Γ ⇒ A1 B1, �
nA2, Π ⇒ B2

A1 ⊃2 B1, Γ, Π ⇒ A2 ⊃2 B2

(5.34vi)
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B, �nA, Γ ⇒ C

A ⊃2 B, Γ ⇒ A ⊃2 C
(5.34vii)Proof. In view of the similarity to the 
ase of ⊃ in [15℄, propositions135.17, 135.20 and 135.22, I leave the proof to the reader. qedRemark 5.35. In view of remark 5.24 above, inferen
es a

ording to thefollowing s
hema

�2 A, Γ ⇒ C

�2 (A ∨ ¬A), A, Γ ⇒ �2 C
annot be expe
ted to be generally L
i
D

Z2l -derivable.I now turn to the reason why I have gone to all the trouble with thenotion of �2 : nested double indu
tion.Proposition 5.36. Inferen
es a

ording to the following s
hema are
L
i
D

Z2l -derivable.
Γ, b∈N̊ ⇒ F[0, b]

∧
ẙ F[a, y], Π, a∈N̊ ⇒ F[a′, 0]

∧
ẙ F[a, y], F[a′, b], a∈N̊ , b∈N̊ , Ξ ⇒ F[a′, b′]

s∈N̊ , t∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒ F[s, t]Proof. The inferen
e marked by ∗1 is somewhat (give or take some weak-enings) a

ording to 136.11ii, and that marked by ∗2 is a

ording to136.11iii in [15℄, p. 1863.
Γ, b∈N̊ ⇒ F[0, b]

Γ ⇒
V

ẙ F[0, y]

�2 Γ ⇒ �2
V

ẙ F[0, y]

V

ẙ F[a, y], Π, a∈N̊ ⇒ F[a′, 0]
V

ẙ F[a, y], F[a′, b], a∈N̊, b∈N̊, Ξ ⇒ F[a′, b′]
∗1

�
V

ẙ F[a, y], �Π, �Ξ, c∈N̊ ⇒ F[a′, c]

�
V

ẙ F[a, y], �Π, �Ξ ⇒
V

ẙ F[a′, y]

�2
V

ẙ F[a, y], �2 Π, �2 Ξ ⇒ �2
V

ẙ F[a′, y]
∗2

s∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒ �2
V

ẙ F[s, y]

s∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒
V

ẙ F[s, y]

s∈N̊ , t∈N̊ , �2 Γ, ��2 Π, ��2 Ξ ⇒ F[s, t] qed
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tions17Note. This list does not ne
essarily 
over obvious typos or silly little gram-mati
al mistakes and it is far from being 
omplete. I you �nd a mistake,please drop me a note at uwe.petersen�asfpg.de, and I promise thatyou will get a mention in the next list.p. 30, line 4: repla
e �f(z) = y� by �g(z) = y�.p. 45, �rst line: repla
e �additive numbers� by �prin
ipal numbers�.� line 16 (Definition 4.26), before �multipli
ative prin
ipal number �insert �(2) An ordinal number α is 
alled a�.p. 65, line 8 from the bottom (Histori
al note 8.8), repla
e �Dedekind[1887℄� by �Dedekind [1888℄�.p. 75, line 11 from the bottom, repla
e �fk(x) = φ(x, k) for all x� by�fk(x) = φ(x, k) + 1 for all x�.p. 131, line 6 from the bottom, repla
e �C[B]� by �¬C[B]�.� line 5 from the bottom, repla
e �F[B] → C[B]� by �¬(F[B] → C[B])�.p. 149, last line, repla
e �¬A� in the inferen
e rule (⊥C) by �(¬A)�.p. 161, line 7, (16.45v), repla
e the lower sequent �Γ ⇒ ¬(A → B)� by�Γ ⇒ ∆,¬(A → B)�.p. 182, line 15 from the bottom, delete �
lause (ii) of de�nitiom 18.16.�.� line 17 from the bottom, delete �indexset(s)!of w�s!downward satu-rated�.p. 183, line 19 from the bottom, repla
e �C1 → C2� by �C1 ∧ C2�.p. 189, line 18, repla
e
“F1[¬U ∨ V,¬(¬U ∨ ¬V )] ∧ . . . ∧ Fk[¬U ∨ V,¬(¬U ∨ ¬V )]′′by
“F1[¬U ∨ V,¬(¬U ∨ V )] ∧ . . . ∧ Fk[¬U ∨ V,¬(¬U ∨ V )]′′ .p. 192, line 14, repla
e

“Γ [A] ⇒ ∆[A], ∆[A] ∧ C[A]′′ by “Γ [A] ⇒ ∆[A], F[A] ∧ C[A]′′.

17 With spe
ial thanks to Valerie Kerruish who dete
ted most of the mistakes.
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e “A ↔ B, Γ [B] ⇒ ∆[B], ∆[B] ∧ C[B]′′ by
“A ↔ B, Γ [B] ⇒ ∆[B], ∆[B] ∧ C[B]′′.p. 197, line 8 from the bottom, delete �indexvariable(s)!senten
e�.p. 198, line 2 from the bottom, repla
e �⊥-inferen
e� by �⊥C-inferen
e�.p. 200, the bottom:

······ ···
··
·····

Γ ⇒ A

······ ···
··
·····

A, Π ⇒ B

Π ⇒ A → B
.

Γ, Π ⇒ Binstead of:
······ ··

··
······

Γ ⇒ A

······ ··
··
······

A, Π ⇒ B

Π ⇒ A → B
.

Γ, Π ⇒ Bp. 213, se
ond line in top proof �gure, right bran
h, repla
e �Θ, Γ [ ] ⇒
∆[ ], A, Ξ� by �Θ, B, Π[ ] ⇒ Λ[ ], Ξ�.p. 214, se
ond line in top proof �gure, left bran
h, repla
e �Π, Γ [ ] ⇒
∆[ ], A, K, A ∧ B� by �Π, Γ [ ] ⇒ ∆[ ], A, Λ, A ∧ B�.p. 217, line 1, repla
e �max(l, m) + 1 + r� by �max(l, m) + 1 + r + 1�.p. 241, line 12 from the bottom, 
ondition �(vi)�: read �LK

0
0� instead of�GK

0
0�.p. 242, last line, read �Only the se
ond one� instead of �Only the fourth�.p. 247, line 6, repla
e �dropping axioms HA13 and HA15� by �repla
ingaxiom HA13 by ¬¬⊥ → ⊥ and dropping axiom HA15 
ompletely�.p. 249, proof �gure �Re 24.7iv�, �rst line: read �A ⇒ A ∨ ¬A� instead of�A ⇒ A ⇒ ¬A�.p. 250, lines 3�6 from the bottom, �(24.11i)�(24.11iv)�, read �a

.� insteadof �max�.p. 301, line 13 from the bottom: read �
ontradi
tions� instead of �
ontra
-tions�.



162 uwe petersenp. 306, line 5: read �marked with the sign ♠� instead of �marked with anex
lamation sign�.� line 7 proposition 27.7: read �DSL� instead of �CDL�.p. 307, repla
e proof �gure in the middle of the page:
A ⇒ A

A ⇒ A

¬A, A ⇒

A → ¬A, A, A ⇒

A → ¬A, A � A ⇒

A ⇒ A

⇒ A,¬A

A → ¬A, A → A � A ⇒ ¬A
.

A → A � A ⇒ (A → ¬A) → ¬Aby:
A ⇒ A

⇒ A,¬A

A ⇒ A

A ⇒ A

¬A, A ⇒

A → ¬A, A, A ⇒

A → ¬A, A � A ⇒

A → ¬A, A → A � A ⇒ ¬A
.

A → A � A ⇒ (A → ¬A) → ¬Ap. 309, se
ond line: add �logi
� after �diale
ti
al�.p. 316, �rst line: 
an
el 27.35viii; already 27.35vi;� se
ond line: read �(A ⋄ ¬A) ↔ ⊤� instead of �(A ⋄ ¬A) ↔ ⊥�.p. 352, l. 10 from the bottom (Corollary 30.21): read �30.21i� insteadof �30.80�;� l. 11 from the bottom (Corollary 30.21): read �30.21ii� instead of�30.81�;� l. 12 from the bottom: read �30.20i� instead of �30.17i�.p. 460, after the �rst proof �gure, repla
e: �A new dedu
tion is being 
on-tra
ted as follows� by : �A new dedu
tion 
an be 
onstru
ted as follows�.p. 466, l. 12 from the bottom, Definition 41.6: swap (1) and (2).p. 468, last three lines: repla
e Definitions 41.14 by the following:
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∧

z1

∧
z2 (F[z1] � F[z2] → z1 = z2) .(2) ιx F[x] :≡ lx∧

y (uni [F] � F[y] → x∈y) .p. 469, repla
e Proposition 41.15 by the following:Proposition 41.15. Sequents a

ording to the following s
hemata are
LX

−l-dedu
ible for X ∈ {K,J,P,D}.
s∈ιx F[x],

∧
z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[t] ⇒ s∈t(41.15i)

s∈t, F[t] ⇒ s∈ιx F[x](41.15ii)
∧

z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[t] ⇒ ιx F[x] = t(41.15iii)Proof. Re 41.15i.

uni [F], F[t] ⇒ uni [F] � F[t] s∈t ⇒ s∈t

uni [F] � F[t] → s∈t, uni [F], F[t] ⇒ s∈t
∧

y (uni [F] � F[y] → s∈y), uni [F], F[t] ⇒ s∈t
.

s∈ιx F[x],
∧

z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[t] ⇒ s∈tRe 41.15ii.

F[t], F[b] ⇒ F[t] � F[b] b = t, s∈t ⇒ s∈b

s∈t, F[t] � F[b] → b = t, F[t], F[b] ⇒ s∈b
===========================================
s∈t, F[t],

∧
z1

∧
z2 (F[z1] � F[z2] → z1 = z2), F[b] ⇒ s∈b

s∈t, F[t], uni [F], F[b] ⇒ s∈b
======================
s∈t, F[t], uni [F] � F[b] ⇒ s∈b

s∈t, F[t] ⇒ uni [F] � F[b] → s∈b

s∈t, F[t] ⇒
∧

y (uni [F] � F[y] → s∈y)
.

s∈t, F[t] ⇒ s∈ιx F[x]Re 41.15iii. This is a fairly straightforward 
ombination of 41.15i and ii.Left to the reader. qedp. 484, l. 9 from the bottom �41.57iv�: read �t∈T, s′ = t′, r∈s ⇒ r∈t�instead of �t∈T, s′ = t′, s∈r ⇒ s∈t�.p. 491, �Re 41.72iii�: involves a 
ut whi
h doesn't make it suitable for LPl.p. 492, proof �gure �Re 41.74ii�, repla
e �〈〈s, 0′〉, g(s, 0, f(s))〉∈h� by



164 uwe petersen�〈〈s, 0〉, f(s))〉∈h�p. 495, proof �gure �Re 41.78i�, se
ond line: add �t∈N, 〈〈s, t〉, r〉� before� ∈h,�� proof �gure �Re 41.79i�, repla
e lower sequent by
s∈N ⇒ 〈〈s, 0〉, h(s, 0)〉∈h .p. 499, l. 10 from the bottom (in Remark 42.3): repla
elx. t ≡ {z :

∨
x

∨
y (z = 〈x, y〉) � y = t} ,by lx. t ≡ {z :

∨
x

∨
y (z = 〈x, y〉 � y = t)} ,� l. 3 from the bottom: repla
e D by P.p. 502, l. 11 (Definition 42.11. 
lause (6)) add: �with z being the �rstvariable /∈ FV (AB) �.p. 564, l. 6 from the bottom: �obtained from them� instead of �obtainedform them�.p. 570, l. 6: read �LX

Q
1 -admissible� instead of �HX

Q
1 -admissible�.p. 572, l. 2: �the formal prin
iples� instead of �the formal prin
iple�� l. 4: �The remainder of this se
tion� instead of �The remainder thisse
tion�p. 574, l. 14 and 15: �∧x F[x]� instead of �∧x [x]�p. 586, l. 4 (proof �gure, se
ond line): read �b < c, c < a′, b < a → ¬F[b]�instead of �¬F[b])�� last line: repla
e

¬¬
∨

x F[x] ⇒
∨

y (F[y] ∧
∧

z (z < y → ¬F[z])) .by
¬¬(

∨
x F[x] →

∨
y (F[y] ∧

∧
z (z < y → ¬F[z]))) .p. 605, l. 18 from the bottom (Definition 48.4 (2)): repla
e �fof (r, s)� by�fof (r)�.p. 607, l. 6 from the bottom (main text): repla
e �free variables.footnote�by �free variables.� and read the senten
e beginning with �Primitive re-
ursive fun
tions� and ending with �variables in PRA.� as a footnote.
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∧

x(F[x]∨¬F[x]) ⇒
∨

e
∧

x((F[x] ↔ φe(x)=1)∧ (φe(x)=0∨φe(x)=1)),instead of
∧

x (F[x] ∨ F[x]) ⇒
∨

e
∧

x ((F ↔ φe(x) = 1) ∧ (φe(x) = 0 ∨ φe(x) = 1)) .p. 739, l. 19 (Quotation 57.27): read �in very few 
ases or none� insteadof �in very few 
ases or non�.p. 894, l. 4 from the bottom (footnote 2): repla
e �Wang [1986℄� by �Wang[1987℄�.p. 1011, l. 8: read �from� instead of �form�.p. 1017, l. 14 from the bottom: read �it follows� instead of �if follows�.p. 1026, l. 13 from the bottom: read �This sounds like� instead of �Thissound like�.p. 1030, l. 16: read �from the value� instead of �form the value�.p. 1081, l. 6, Quotation 76.16. (1), add: �Weyl� before �[1921℄�.p. 1087, l. 23 from the bottom, Quotation 77.8. (1), new paragraph after�meaningless.� and before �In all 
ontexts . . . �.p. 1087, l. 14 from the bottom, Quotation 77.8. (1), add: �put� before�numerals for the variables in su
h a way . . . �.p. 1088, l. 22, Quotation 77.9. repla
e �ist� by �is�: �
orrelate of a sub-
lass is that sub
lass itself�.p. 109, after l. 24 (Quotation 78.12) add line: �expresses a true proposi-tion with respe
t to every one of these models, we�p. 1099, l. 11 from the bottom: repla
e �67.20� by �78.17�.p. 1102, l. 13: repla
e �Wang [1986℄� by �Wang [1987℄�.p. 1104, l. 4 from the bottom: repla
e �Wang [1986℄� by �Wang [1987℄�.p. 1106, l. 3: repla
e �Wang [1986℄� by �Wang [1987℄�.p. 1108, l. 16: repla
e �form� by �from� in Quotation 79.10.p. 1109, l. 1: repla
e �Wang [1986℄� by �Wang [1987℄�.



166 uwe petersenp. 1126, l. 19: repla
e �Wang [1986℄� by �Wang [1987℄�.p. 1133, l. 4: repla
e �Brouwerian� by �Brouwerians�.p. 1158, l. 3 from the bottom: repla
e �Wang [1986℄� by �Wang [1987℄�.p. 1161, l. 16: repla
e �Wang [1986℄� by �Wang [1987℄�.p. 1169, l. 4: read �share no �xed point� instead of �share not �xed point�.p. 1185, l. 16 from the bottom (Quotation 85.10 (4)): read�∀x1 . . . ∀xnt(x1, . . . , xn = o)� instead of �∀x1 . . . ∀xn(t = o)�.p. 1207, l. 5: repla
e �Wang [1986℄� by �Wang [1987℄�.p. 1300, l. 1: read �how many angels� instead of �how man angels�.p. 1303, l. 2: read �d'être for the� instead of �d'être n for the�.� l. 14 from the bottom: read �Gödel� instead of �G"odel�.p. 1307, l. 1: read �amenable� instead of �amendable�.p. 1368, l. 7 from the bottom, �(3) Girard [1995℄�: repla
e �p. 28� by �p.171�;� l. 4 from the bottom: read �work� instead of �word�;� last line (of text): read �[1982℄� instead of �[1974℄�.p. 1387, l. 8 from the bottom (footnote 11): repla
e �Wang [1986℄� by�Wang [1987℄�.p. 1412, l. 4: repla
e �and Wands
hneider [1984℄� by �Kesselring [1984℄,and Wands
hneider [1991℄�.p. 1546, l. 13 from the bottom: repla
e ��rijm�zei� by ��rijmht�zei�.p. 1421, l. 9 from the bottom (disregarding footnotes): repla
e �an
ientmeans �never�.� by �an
ient means �ever�, �on
e�.�p. 1557, l. 6 from the bottom: delete �Take, e.g., tertium non datur fornegated w�s, ¬A ∨¬¬A; this is perfe
tly provable in intuitionisti
 logi
�.This is utter nonsense and I have no idea what was going on in my mindwhen I wrote it. Perhaps I was thinking of `double negation', ¬¬A → A,whi
h holds intuitionisti
ally for negated w�s: ¬¬¬A → ¬A. This is whatit 
an be repla
ed by: �Take, e.g., the double negation of tertium nondatur, ¬¬(A ∨ ¬A); this is perfe
tly provable in intuitionisti
 logi
�.p. 1571, l. 2, repla
e the topmost proof �gure by the following one:
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R∈R ⇒ R∈R

⇒ R∈R, R /∈R

R∈R ⇒ R∈R

R /∈R, R∈R ⇒
∈

R∈R, R∈R ⇒
♠

R∈R ⇒
♣

⇒ R /∈Rand (on the same page), in se
ond proof �gure, last line, read �R /∈R ⇒�instead of �R∈R ⇒�.p. 1601: repla
e diagram 116.10 by the following one:meta-theoryprimärkalkülobje
t variables
ompound w�s
ompound termsin
lusion
//l-abstra
tion //

in
lusionOO interpretation
oop. 1621, l. 9 from the bottom: repla
e �∧ y� by �∧Y �.p. 1630, l. 18: insert �)� before �⇒�; i.e., repla
e �(F[t2] ∨ ¬F[t2] ⇒� by�(F[t2] ∨ ¬F[t2]) ⇒�.p. 1669: in the proof �gure �Re 123.13ii�, sixth line: repla
e�l⊤ ⊑

∧
x (F[x] → b̃)� by l⊤ ⊑ l∧

x (F[x] → b̃)�.In remark 123.14, se
ond line, repla
e �that� by �than�.p. 1670: in the proof �gure �Re 123.18i� repla
e �⊥� by �⊤� throughout.In the proof �gure �Re 123.18ii� repla
e the se
ond line �A → ã ⇒ B → ã�by �B → ã ⇒ A → ã� and the third C → (A → ã) ⇒ C → (B → ã)� by�C → (B → ã) ⇒ C → (A → ã)�.



168 uwe petersenIn the proof �gure �Re 123.18iii� repla
e the se
ond line �A → (C →
ã) ⇒ B → (C → ã)� by �B → (C → ã) ⇒ A → (C → ã)�.p. 1705, (125.12iii): repla
e

s =̈ t ⇒ lx (ly (y =̈ x) ⊆̈ s) ⊆̈ lx (ly (y =̈ x) ⊆̈ t))by
s ⊆̈ t ⇒ lx (ly (y =̈ x) ⊆̈ s) ⊑ lx (ly (y =̈ x) ⊆̈ t))� Re 125.12iii: Repla
e proof �gure by:

s ⊆̈ t, ly (y =̈ a) ⊆̈ s ⇒ ly (y =̈ a) ⊆̈ t
.

s ⊆̈ t ⇒ lx (ly (y =̈ x) ⊆̈ s) ⊑ lx (ly (y =̈ x) ⊆̈ t)p. 1706, l. 2, proof of proposition 125.15, repla
e the whole thing by thefollowing:Proof. By means of 
ontra
tion it is possible to prove a 
ontradi
tionalong similar lines as for 141.11 in the appendix A1, only with somewhatmore rudimentary notions due to the la
k of 41.2 (1.2) and (2.3). Take Rto be de�ned as lx ({̈x}̈ ¨6⊆ x) and 
onsider the following dedu
tions:
{̈a}̈ ⊆̈ a ⇒ {̈a}̈ ⊆̈ a

⇒ a =̈ a

{̈a}̈ ⊆̈ a ⇒ {̈a}̈ ⊆̈ a

{̈a}̈ ¨6⊆ a, {̈a}̈ ⊆̈ a ⇒

{̈a}̈ ⊆̈ R, {̈a}̈ ⊆̈ a ⇒lx ({̈x}̈ ⊆̈ a) ⊑ lx ({̈x}̈ ⊆̈ R), {̈a}̈ ⊆̈ a, {̈a}̈ ⊆̈ a ⇒ 125.14
a ⊆̈ R, {̈a}̈ ⊆̈ a, {̈a}̈ ⊆̈ a ⇒

a =̈ R, {̈a}̈ ⊆̈ a, {̈a}̈ ⊆̈ a ⇒
♠

a =̈ R, {̈a}̈ ⊆̈ a ⇒

a =̈ R ⇒ {̈a}̈ ¨6⊆ a 125.7i ,
⇒ {̈R}̈ ⊆̈ lx ({̈x}̈ ¨6⊆ x)and also:

a =̈ R ⇒ {̈a}̈ ¨6⊆ a
.

⇒ {̈R}̈ ⊑ lx ({̈x}̈ ¨6⊆ x)
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⇒ {̈R}̈ =̈ {̈R}̈

⇒ {̈R}̈ ⊆̈ R

{̈R}̈ ¨6⊆ R ⇒
.

{̈R}̈ ⊑ R ⇒ qedp. 1729, l. 4 from the bottom: insert round bra
ket after ‖DL:
¬¬(s∈‖lx C[x]‖DL) ⇒ s∈‖lx C[x]‖DL.p. 1737, �rst line: repla
e �Employ 126.64ii� by �Employ 126.63i�.p. 1759, l. 5, (128.27ii), repla
e h by f : r1 = s1, r2 = s2, f [[r1, r2]] = t ⇒
f [[s1, s2]] = t.p. 1763, l. 15 from the bottom �128.34ii�: read �⇒ 0∈T� instead of�t∈T, s∈r, r∈t ⇒ s∈t�.p. 1809, l. 16 from the bottom (proof of lemma 132.13, third last line):read �By proposition 126.35� instead of �By proposition 131.22�.p. 1818, l. 7 from the bottom (Proposition 133.8): read �D has the leftrank 1 � instead of �D has the rank 1�.� l. 5 from the bottom: read �If the left rank were� instead of �If therank were�.p. 1823, l. 6 from the bottom, repla
e

Γ, γ̆[
∧

z (z∈b → zI ∈b)] ⇒ s∈bby
Γ, γ̆[

∧
z (z∈b → zI ∈b)] ⇒ s∈s .� Se
ond last line, repla
e

Γ, [
∧

z (z∈b → zI ∈b)]·n ⇒ s∈bby
Γ, [

∧
z (z∈b → zI ∈b)]·n ⇒ s∈c .p. 1824, se
ond line in the proof of theorem 135.15, repla
e �δ1 ≥ 0� by�δ1 > 0�.p. 1825, Definition 134.1., repla
e

Π̆̊ :≡ lx (x∈Z �

∧
y (I ∈y � [

∧
z (z∈y → zI ∈y)/x] → x∈y))
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Π̆̊ :≡ lx (x∈Z �

∧
y ([I ∈y ∧

∧
z (z∈y → zI ∈y)/x] → x∈y)) .p. 1830, �rst line (134.9iv), repla
e �131.18ii� by �131.18i�.p. 1832, se
ond last line (134.16iii), repla
e

L
i
D

Zl ∪ {�(�⊥ → ⊥) → �⊥} ⊢ ⊥�(�⊥ → ⊥) → �⊥by
L
i
D

Zl ∪ {�(�⊥ → ⊥) → �⊥} ⊢ ⊥ .p. 1834, repla
e last proof �gure on that page (�Re 134.22i.�) by the fol-lowing one:
�Γ ⇒ �C

Γ ⇒ A
=====
C ⇒ A

⇒ C → A

⇒ �(C → A) �(C → A), �C ⇒ �A
♣

�C ⇒ �A
♣ .

�Γ ⇒ �Ap. 1842, third line, repla
e
[B/s], [A/I ⊓ I] → [B/I], [A/s], [A/I] ⇒ [B/s ⊓ I]by
[B/s], [A/I ⊓ I] → [B/I], [A/I], [A/I] ⇒ [B/s ⊓ I]p. 1848, l. 12 from the bottom, �rst line in the dedu
tion re 135.20vii,repla
e �A2 ⇒ A1� by �A2, Γ ⇒ A1� and 
an
el �B1, A2, A2, Γ, Π ⇒ B2�
ompletley.� l. 11 from the bottom, se
ond line of that dedu
tion, repla
e�a∈Π̆, [A2/a] ⇒ [A1/a]� by �a∈Π̆, [A2/a], Γ ⇒ [A1/a]�,and �B1, A2, A2, Γ, Π ⇒ B2� by �B1, A2, A2, Π ⇒ B2�.p. 1886, third line (137.8i), as well as line 10 and 11 (in proof �gure),repla
e �⇒ zhf [s1, t1, r1]� by �⇒ zhf [s2, t2, r2]�;� fourth line (137.8ii), repla
e �⇒ shg [s1, t1, r1]� by �⇒ shg [s2, t2, r2]�;p. 1901, sixth line from the bottom, repla
e �→ y∈T � by �→ y∈T �.
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e �→ T � by �→ y∈T �.p. 1903, �rst line, repla
e the quanti�er ∨ in the w�
¬

∨
x (ded

L
i
D

Zl (x, pGq) = 0) ↔ Gby the quanti�er ∨ :̊
¬

∨
x̊ (ded

L
i
D

Zl (x, pGq) = 0) ↔ G .p. 1923, se
ond proof �gure, repla
e
⇒ CA∈CA

CA∈CA ⇒ A

⇒ CA∈CA → A

CA∈CA ⇒ A
♣ .

⇒ Aby
CA∈CA ⇒ A

⇒ CA∈CA → A

⇒ CA∈CA CA∈CA ⇒ A
♣ .

⇒ Ap. 1925, Re 141.iii and iv, third proof �gure from the top, repla
e �⇔
K∈lx (∁x /∈x)� by �⇔ K∈lx (∁x∈x)�Referen
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